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DIFFERENTIAL TOPOLOGY OF SEMIMETALS
VARGHESE MATHAI AND GUO CHUAN THIANG
Abstract. The subtle interplay between local and global charges for topological semimetals
exactly parallels that for singular vector fields. Part of this story is the relationship between
cohomological semimetal invariants, Euler structures, and ambiguities in the connections
between Weyl points. Dually, a topological semimetal can be represented by Euler chains
from which its surface Fermi arc connectivity can be deduced. These dual pictures, and the
link to topological invariants of insulators, are organised using geometric exact sequences.
We go beyond Dirac-type Hamiltonians and introduce new classes of semimetals whose local
charges are subtle Atiyah–Dupont–Thomas invariants globally constrained by the Kervaire
semicharacteristic, leading to the prediction of torsion Fermi arcs.
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1. Introduction
As theoretically predicted in [70] and experimentally discovered in [73, 74, 37, 76], two-
band solid state systems in 3D can host topologically protected “Weyl semimetallic phases”
in which the quasiparticle excitations at the band crossings (“Weyl points”) share some fea-
tures with Weyl fermions from relativistic quantum mechanics. The experimental signature,
namely “Fermi arcs” of surface states which connect the projected Weyl points in the surface
Brillouin zone, is just as remarkable. Based on this initial success, much effort has been
put into the general study of topological semimetallic phases in the hope of predicting and
eventually realising new exotic fermionic quasiparticles in condensed matter systems.
Most proposals have focused on local aspects in the sense of finding new types of topo-
logical obstructions to locally opening up gaps in semimetal band crossings. Staying in the
two-band case, there are generalisations of the basic Weyl semimetal phase to “Type-II”
ones [75, 57], as well as “quadratic” ones [25]. One can consider model Hamiltonians with
more than two bands and in a different number of spatial dimensions [77]. Following the
example set by topological insulator theory, one may also introduce antiunitary symmetry
constraints such as time-reversal and charge-conjugation [78]. To circumvent certain dif-
ficulties in achieving non-trivial obstructions, point symmetries were also introduced into
the game, and a host of possibilities arise [10]. Our results in this paper have a different
focus, concentrating on (1) isolating in a conceptually simple but rigorous way the general
mathematical mechanism allowing for local semimetallic charges, (2) providing the full global
topological characterisation of semimetal band structures, Fermi arcs, and the relation to
topological insulator invariants, and (3) introducing a new family of semimetals whose topo-
logical invariants have a very different character to those commonly used in the literature.
Figure 1 summarises the physical and mathematical concepts which we introduce in this
paper.
With regards to (1), we see, with much hindsight, that the local topological charges
protecting basic types of semimetal crossings are completely inherited from the singular
vector field which specifies the Hamiltonian [72, 41]. The Poincaré–Hopf theorem [43] then
shows how the Brillouin zone topology forces a global charge cancellation condition, and
the prediction of Fermi arcs becomes a corollary of the bulk-boundary correspondence. This
brings us to point (2). While the 3D Weyl semimetal may be intuitively understood using a
Stokes’ Theorem argument to predict “jumps” in 2D Chern numbers (or “weak invariants”)
across the Weyl points, there are several subtleties involved, not the least of which is the fact
that the local charges (equal to the jumps) fail to completely characterise the semimetal,
and cannot predict, a priori, the Fermi arc topology [41]. It is here that the finer topology of
the Brillouin torus comes into play: the fact that Td has non-trivial cycles means that “the
(Fermi) arc joining two Weyl points” is an ambiguous notion, even up to deformations of the
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Figure 1. Semimetals have Bloch Hamiltonians with band crossings at cer-
tain isolated Weyl points in the Brillouin torus T , corresponding to vector
fields over T with finite isolated singularities at the Weyl points. These band
crossings may be topologically protected, with their Z topological charges cor-
responding to the local indices of the vector field at the singularities. The
charge-cancellation condition corresponds to the Poincaré–Hopf theorem. The
global semimetal band structure can be studied in two complementary ways
(Definition 3.6) which are dual to each other and related by Poincaré duality.
Semimetals have characteristic classes in cohomology, identifiable as co-Euler
structures, while in homology they are represented by the dual Euler chains.
Under a bulk-boundary correspondence, these invariants are mapped to surface
invariants, which in homology is just the projection of the Euler chain onto the
Fermi arcs seen in experiments. These ideas can be generalised to semimetal
Hamiltonians specified by tangent 2-fields, which now have Z2-charges. Euler
structures and chains are replaced by Kervaire ones, and the Poincaré–Hopf
theorem replaced by a theorem of Atiyah–Dupont.
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arc (contrast with the simply-connected spheres). The resolution of this ambiguity requires
additional global data which captures the full topology of semimetal band structures, and is
closely related to the concept of Euler structures introduced by Turaev to resolve ambiguities
in torsions of Reidemeister type [65]; both hinge on the fact that the first homology of
the underlying manifold may be non-zero. By considering a homological version of Euler
structures [12, 26], we find that the language of Euler chains very concisely represents all
the topological features of a semimetal. The Euler chain representation directly predicts the
topology of the Fermi arcs, and the latter are the experimental signature of a topological
semimetal. Furthermore, the notion of topological equivalence between semimetals becomes
clear in this language, as a kind of homotopy between their defining vector fields. A semimetal
Hamiltonian determines a Fermi arc, e.g. through a transfer matrix formalism [22, 4, 17], and
this determination descends to the level of topological invariants in the sense that equivalent
Hamiltonians give rise to equivalent Fermi arcs.
Having isolated the basic mathematical principles underlying the geometry and topology
of semimetals, we move on to (3): the generalisation of our theory for 2-frames or tangent 2-
fields along the lines of the Atiyah–Dupont theorem [2] which is the analogue of the Poincaré–
Hopf theorem1 in this context, where the Kervaire semicharacteristic plays the role of the
Euler characteristic. It is a topological invariant of a very different nature to those that had
been previously utilised in the literature on topological phases (e.g. Chern classes and related
characteristic classes, K-theory, winding numbers/degrees). This leads us to define some new
mathematical notions — Kervaire structures and Kervaire chains — which are two mutually
dual objects characterising a new class of Z2-topological semimetals introduced for the first
time in this paper, predicting in principle that torsion Fermi arcs can be experimentally
found.
1.1. Outline. In Section 2, we give a quick overview of the use of cohomological character-
istic classes to study topological insulating phases, and then connect it to semimetal phases
via the Mayer–Vietoris technique of “patching together” the non-singular portion (avoid-
ing the Weyl points) and topologically trivial portions (small neighbourhoods of the Weyl
points). The basic “semimetal Mayer–Vietoris sequence” is given a geometric interpretation
as an extension problem, parallel to the physical problem of deforming a semimetal band
structure into a globally insulating one, in Section 2.5. In Section 3, we introduce the con-
cept of Euler structures and the Euler chain representation of a semimetal. We illustrate
with diagrams the basic intuitive ideas, and apply the Euler chain concept to Fermi arc
topology and their rewirings. In Section 4, we study Dirac-type Hamiltonians parametrised
by singular vector fields, emphasising the merits of an abstract coordinate-free analysis with
regards to symmetry considerations. In particular, we justify the generality of Dirac-type
Hamiltonians through natural symmetry constraints, in order to avoid introducing “spurious
topology” through ad-hoc parametrisations of toy model Hamiltonians. In Section 4.6.1, a
geometric connection to gerbes is made in the 4D case (we refer the reader to Appendix A for
a primer on gerbes and the construction of the basic gerbe on SU(2)), and in Section 4.5, the
connection to quaternionic valence bundles in 5D is made, and the geometric interpretation
as an extension problem is in Section 2.5. In Section 5, we introduce a new class of semimet-
als modelled on Hamiltonians which are bilinear in gamma matrices. The topology of such
1The latter accounts for the Nielsen–Ninomiya no-go theorem [48] excluding chiral fermions in lattice
gauge theory.
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semimetals is characterised by the notion of Kervaire structures and chains, and we predict
an interesting phenomenon of Z2 surface Fermi arcs. Finally we suggest some directions for
future work in Section 6.
Conventions. In this paper, T will always be a compact connected smooth d-dimensional
manifold without boundary, playing the role of a general parameter manifold for a family
of Hamiltonians. In specific instances, it may have an orientation, metric, spinc structure
etc., and may be the Brillouin zone for a family of Bloch Hamiltonians, as additionally
specified. All (co)-homology groups have integer coefficients unless otherwise indicated.
The real Clifford algebra Clr,s has r generators squaring to −1 and s generators squaring
to +1, corresponding to an orthonormal basis e1, . . . . , er+s in Rr+s for the bilinear form
(−, . . . ,−,+ . . .+); Cln refers to Cl0,n, and the complex Clifford algebra Cln has n anticom-
muting generators squaring to +1.
2. Physical background: Topological phases, cohomology
2.1. Topological band insulators and cohomology groups. 2D Chern insulators are
classified by a first Chern number, equal to the integrated Berry curvature 2-form of the
valence bands over the Brillouin zone T = T2. When the Fermi energy EF lies in a spectral
gap, the Fermi projection onto the valence bundle EF may be defined. Over T2 the EF are
classified by their rank and first Chern class, with the latter generally considered to be the
interesting invariant. Since the first Chern class of EF is that of the determinant line bundle,
the classification problem of 2D Chern insulators is formally equivalent to that of U(1) line
bundles over the Brillouin zone for which the integral cohomology group H2(T2,Z) ∼= Z
provides a complete answer. In terms of differential forms, H2(T2,Z) 6= 0 measures the
failure of the (Berry) curvature 2-form F of EF to be globally exact (the Berry connection
1-form A only exists locally). The integral of F over T2 yields an integer-valued first Chern
number, which may be interpreted as a topological obstruction to globally defining a basis
of valence Bloch eigenstates for EF .
A typical way to construct a valence line bundle with first Chern class n ∈ Z is to consider
2 × 2 traceless2 Bloch Hamiltonians H(k) = h(k) · σ, k ∈ T2, parametrised by a nowhere-
vanishing smooth vector field h on T2. Here σ = (σ1, σ2, σ3) are the Pauli matrices. The
spectrum is ±|h(k)| 6= 0, and the spectrally-flattened Hamiltonian Ĥ is parametrised by the
unit vector map hˆ : T2 → S2 ⊂ R3. Note that H and Ĥ determine the same valence line
subbundle EF of the Bloch bundle T2 × C2. The map hˆ has an integer degree given by the
formula hˆ∗([T2]) = deg(hˆ)[S2], where [T2], [S2] denote the fundamental classes. The degree
is a homotopy invariant, and all degrees do occur. By identifying S2 with CP1 (the Bloch
sphere construction), we see that EF is given by the pullback of the tautological (Hopf) line
bundle over CP1 under hˆ. Due to the low-dimensionality of T2, all maps into CP∞ = K(Z, 2)
are approximated by maps into CP1, and so the first Chern class of EF is precisely the degree
of hˆ.
In higher dimensions, and also in the presence of additional symmetries (e.g. time-reversal
or point group symmetries) constraining the form of the Hamiltonians, topological band insu-
lators are classified by more complicated invariants. In the mathematical physics literature,
these have included higher degree cohomology invariants playing the role of characteristic
2We normalize the Fermi level to 0.
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classes for the valence bundles, e.g. higher Chern/instanton numbers, symplectic bundle in-
variants [5, 6, 23], Fu–Kane–Mele/FKMM-type invariants [15], or generalised cohomology
invariants (K-theory) [19, 62]. We are primarily interested in 3, 4 or 5 spatial dimensions,
and in those dimensions, the relevant “Berry curvature form” F can be a higher-degree form
[14, 21, 34], and so a higher degree cohomology group Hn(X,Z) comes into play. Coho-
mology groups with other coefficients also arise quite generally in obstruction theory, which
can be used to study semimetal-insulator transitions. All these (generalised) cohomological
invariants are also homotopy invariants, and are closely related to degree theory (as we saw
from the 2D Chern insulator described above).
2.2. Topological semimetals. Although the prototypical topological semimetal is the Weyl
semimetal in d = 3, the general theory presented in this paper works in higher dimensions.
This is not merely of theoretical interest. In the case of topological insulators, there are
concrete proposals and experiments in which topological phases of physical systems in three
or fewer dimensions formally realise those in d > 3. Some examples are quasicrystalline sys-
tems [31], time-periodic (Floquet) insulators [35, 14] and their photonic counterparts [53],
and general “virtual” topological insulators [51]. It is in this spirit that we embark on the
mathematical study of semimetallic phases for general d.
2.2.1. Local aspects of semimetal topology. In a semimetal, the Fermi level does not lie in a
spectral gap, but instead passes through band crossings at some Weyl submanifold W of the
momentum space manifold T . Such crossings may arise as “accidental degeneracies” [69, 24]
and, for “Dirac-type Hamiltonians” in d-dimensions occur generically at points. A quick way
to see this is to consider Dirac-type Bloch Hamiltonians of the form
(2.1) H(k) = h(k) · γ, k ∈ T ;
Here each k 7→ h(k) is a smooth assignment of d-component vectors, and γ = (γ1, . . . , γd) is
the vector of traceless Hermitian γ-matrices representing irreducibly and self-adjointly the
d-generators of a Clifford algebra (for d = 3, these are the usual 2 × 2 Pauli matrices). By
the Clifford algebra relations γiγj + γjγi = 2δij, the square of H(k) is the scalar |h(k)|2, so
the eigenvalues of H(k) are ±|h(k)|, each with degeneracy equal to half the dimension of
the γ-matrices. This means that a band crossing at k ∈ T requires d conditions h(k) = 0,
and we see that the locus W of band crossings generically has codimension d. When T is a
d-manifold, W is generically a collection of isolated “Weyl points”, the (rather misleading)
terminology arising from the d = 3 case in which the low-energy excitations around a band
crossing are essentially described by the Weyl equation [70, 67]. Furthermore, each Weyl
point w ∈ W serves as a generalised monopole, and may be assigned a local topological
charge via the unit-vector map restricted to a small enclosing d− 1-sphere Sw,
(2.2) hˆw =
h(k)
|h(k)| : Sw −→ S
d−1 ⊂ Rd, d = 3, 4, 5,
and defining the local charge at w to be the degree of hˆw, equal to the local index Indw(h) of
h at w. The local charge information of all the crossings for the Hamiltonian h·γ is concisely
summarised by the 0-chain Wh :=
∑
w∈W Indw(h)w ∈ C0(T,Z), where Ci(·,Z) denotes the
set of singular i-chains.
The unit vector map hˆ on T \W , and its restrictions (2.2) to Sw, can be used to pullback
the Hopf line bundle with connection when d = 3, the basic gerbe with connection when
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d = 4 and the quaternionic Hopf line bundle with connection when d = 5 (see Appendix A for
their definitions). As explained in Section 2.5, these geometrical structures arise naturally
when analysing Dirac-type Hamiltonians, their band crossings, and the topology of their
valence bundles.
2.2.2. Global aspects of semimetal topology. Interesting phenomena arise when we study the
band crossings globally. For instance, if h can be identified as a tangent vector field over T ,
as is often the case in physical models, then the classical Poincaré–Hopf theorem guarantees
that
∑
w∈W Indw(h) = χ(T ) = 0 where χ(T ) is the Euler characteristic of T , which is zero
for T = Td or d odd. This global “charge-cancellation” condition is well-known in lattice
gauge theory (where T = Td) as the Nielsen–Ninomiya theorem [48] and discussed in the
semimetal context in [72, 41]. Together with the bulk-boundary correspondence, it predicts
the appearance of surface Fermi arcs connecting the projected Weyl points on a surface
Brillouin zone. These arcs are an experimental signature of topological non-triviality in a
semimetal band structure, and have been discovered recently [73, 37].
More generally, h could be a section of some oriented rank-d vector bundle E over a
compact oriented d-manifold T . The local topological charges at the zeros of h are defined
as before, as is the Euler characteristic of E (evaluating the Euler class on the fundamental
class). When the Euler characteristic χ vanishes (and also when χ 6= 0 following [12]), a
notion of Euler structures [65] can be defined. The set of Euler structures of T form a
torsor over H1(T,Z), and it provides an elegant way to understand some global aspects of
Fermi arc topology, including certain ambiguities first studied in [41], the “rewiring” of Fermi
arcs [18, 36], and Weyl point creation/annihilation (Section 3.1). This is already interesting
when T = Td, for which there are non-trivial Euler structures: the various different ways of
connecting two Weyl points by an arc are permuted amongst each other under H1(T,Z). We
remark that Euler structures had previously been been used to clarify certain ambiguities in
the Reidemeister torsion and Seiberg–Witten invariants of 3-manifolds. Their appearance in
the semimetal context indicates a similar subtlety and richness in the structure of semimetals.
We take the following as a working definition:
Definition 2.1. Let T be a compact, oriented d-dimensional Riemannian spinc manifold
with d ≥ 3. An abstract Dirac-type Hamiltonian is a smooth vector field h over T , which
is insulating if h is non-singular (nowhere zero), and semimetallic if h has a finite set W of
singularities.
This definition is motivated by the construction of concrete Bloch Hamiltonians from such
vector fields, generalising (2.1), given in Section 4.
2.3. Mayer–Vietoris principle: connecting topological insulators and semimetals.
In [41], we carried out an analysis of the global structure of semimetal band structures and
Fermi arcs. The Mayer–Vietoris principle provided the key to understanding the connec-
tion between topological semimetals and insulators (Fig. 2). In particular, we showed that
the local charge information at Weyl points needs to be supplemented with some global
data to fully characterise semimetal band structure and Fermi arcs. We summarise the key
constructions in [41], then provide several different ways to understand them.
Definition of W,SW , DW . Let T be a compact oriented d-manifold (usually the Brillouin
torus Td in concrete models) with d ≥ 3, and consider a smooth family of (concrete) n× n
Bloch Hamiltonians T 3 k 7→ H(k). The spectrum comprises n bands, and we assume that
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Figure 2. There are local obstructions to opening up a gap at a band cross-
ings, related by a global consistency condition.
Figure 3. Covering of T used in the semimetal MV-sequence, for two Weyl
points w1, w2.
band crossings at the Fermi level (normalized to 0) occur on a finite set W ⊂ T of isolated
“Weyl points”. On the complement T \W , the Bloch Hamiltonians are gapped, and there is
no difficulty in defining the valence bundle EF over T \W and its characteristic classes in
H∗(T \W ). For each w ∈ W , choose (mutually disjoint) open balls Dw containing w, and
(d− 1)-spheres Sw ⊂ Dw surrounding w. Let SW =
∐
w∈W Sw and DW =
∐
w∈W Dw be the
respective disjoint unions. Thus T is covered by DW and T \W , and the intersection of the
covering sets is SW × (−, ) which is homotopy equivalent to SW (Figure 3 illustrates the
setting for two Weyl points).
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The MV sequence links the cohomology groups of T with those of the covering subspaces
and the intersection SW , by an exact sequence
· · · → H∗−1(SW )→ H∗(T )→ H∗(T \W )⊕H∗(DW )→ H∗(SW )→ H∗+1(T )→ · · · .
The maps which increase cohomological degree are the MV connecting maps, while the others
are (differences of) restriction maps. Note that the H∗(DW ) terms vanish for ∗ > 0 since
DW is a disjoint union of contractible sets.
When a semimetallic Bloch Hamiltonian is specified abstractly by a vector field h as in
Definition 2.1, the zero set of h will correspond to the Weyl points W , and we have the
subsets SW , DW exactly as above. Then h defines a topological invariant for the semimetal
which lives in Hd−1(T \W ) (Section 3). The most interesting part of the MV sequence is at
∗ = d− 1, which we call the cohomological semimetal MV sequence,
(2.3) · · · 0 −→ Hd−1(T )︸ ︷︷ ︸
(weak) insulator
ι∗−→ Hd−1(T \W )︸ ︷︷ ︸
insulator/semimetal
β−→ Hd−1(SW )︸ ︷︷ ︸
local charges
Σ−→ Hd(T )︸ ︷︷ ︸
total charge
−→ 0 · · · ,
Here Hd−1(SW ) = ⊕w∈WHd−1(Sw) is the direct sum of the local charge groups for each w,
and the last MV connecting map Σ is the “total charge operator” which adds up the local
charges [9]. For integer coefficients, Hd−1(Sw) ∼= Z ∼= Hd(T ) and the charges are Z-valued,
but we will also consider Z2 coefficients in Section 5.
2.4. Basic two-band Weyl semimetal in 3D. Let us be more explicit in the basic 3D
situation, with 2 × 2 Bloch Hamiltonians parametrised by k ∈ T3 and W = {w1, w2}. The
MV-sequence reads
(2.4) · · · 0→ H2(T3) ι∗−→ H2(T3 \W ) β−→ H2(S2w1
∐
S2w2)
Σ−→ H3(T3)→ 0 . . .
Consider local charges (+q,−q) ∈ H2(S2w1
∐
S2w2) which cancel, then there exists (by exact-
ness) a line bundle EF over T3 \W whose restriction to Swi has Chern class given by the
local charge at wi.
Intuitive idea behind relation between local charges and first Chern numbers
of a Weyl semimetal. Suppose the vector field h on T3 vanishes at w1, w2 with local indices
+q,−q respectively. For simplicity, we first assume that wi have the same ky, kz-coordinates,
as in Figure 4. Take a trivial Bloch bundle S0 = T3 ×C2, the Pauli matrices σ1, σ2, σ3 with
respect to a trivialisation, and let H(k) = h(k) ·σ. Then on T3 \W , the valence line bundle
EF is well-defined. At each kx away from the Weyl points, EF has first Chern numbers cyz1 (kx)
obtained by pairing c1(EF ) with the fundamental class of the 2-torus at kx (integrating the
Berry curvature over the 2-torus). The integer cyz1 is sometimes called a “weak invariant” for
“weak” topological insulators supported on lower-dimensional subtori of the Brillouin torus.
As a function of kx, cyz1 remains constant unless a Weyl point is traversed, whence it jumps
by an amount equal to the local charge there. A possible function cyz1 is given at the bottom
of Figure 4, and different choices of h can give rise to different m.
Note that even with m and the local charges ±q still do not completely specify the class
of EF — there are two other independent first Chern numbers cxy1 , czx1 which are constant
functions of kz and ky respectively (since both Weyl points are traversed simultaneously as
either kz or ky is varied). In general, the wi need not have the same ky, kz-coordinates, and
so there are similar jumps in the functions cxy1 (kz) and czx1 (ky), see Figures 11-12. There is
a simple way to concisely and invariantly (i.e. coordinate-free) capture all the jumps in the
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Figure 4. For each kx away from W = {+,−} (with charges (+q,−q)), EF
has a first Chern number c1(kx) ≡ cyz1 (kx) on the 2D subtorus in the y-z
direction (blue). Consider the region X between the two blue 2-tori, with
a small ball around + removed. This is a 3-manifold whose boundary ∂X
consists of the two blue 2-tori (oppositely oriented) together with a small 2-
sphere around +. Note that the top and bottom faces are identified, as are the
front and back faces so they do not contribute to ∂X. Everywhere on X, the
valence line bundle is well-defined, and its Berry curvature 2-form F is closed.
By Stokes’ theorem, 0 =
∫
X
dF = ∫
∂X
F , so the difference between the first
Chern numbers for the left 2-torus and the right 2-torus is precisely the first
Chern number on the small 2-sphere, which is +q. This argument is easily
generalised to higher dimensions and higher curvature forms (Remark 3.7).
various first Chern numbers, through a Poincaré dual picture in terms of Euler chains (see
Section 3.4 and Remark 3.7).
All first Chern numbers can appear in a Weyl semimetal. Let us also consider
E ′F which arise as a subbundle of a possibly non-trivial Bloch bundle S . Such E ′F are
easily obtained by tensoring S0 with a line bundle L with c1(L) ∈ H2(T3). The “twisted”
Hamiltonian H ′(k) = (h(k) ·σ)⊗1 acts on the “twisted” Bloch bundle S = S0⊗L, and has
valence line bundle E ′F = EF ⊗L (defined over T3\W ). Therefore c1(E ′F ) = c1(EF )+ι∗(c1(L))
and, in particular, the first Chern numbers cyz1 (E ′F ) increases by cyz1 (L) and similarly for
cxy1 , c
zx
2 . In this way, all elements of H2(T3 \W ) can be realised as valence line bundles of
some semimetallic Bloch Hamiltonian.
2.5. Geometric interpretation of MV sequence. In d = 3, the exact sequence (2.3)
has a direct interpretation as a solution to a geometrical extension problem, which we can
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interpret in terms of insulator-semimetal transitions. Let us recall that H2(T,Z) classifies
line bundles over T (e.g. determinant valence bundles). So for T = T3, the exactness of (2.3)
tells us the following:
(1) A collection of line bundles Lw → Sw with Chern classes cw may be extended to a
line bundle over T \W (comes from a semimetal) iff ∑w∈W cw = 0 (local charges
cancel).
(2) A line bundle L → T \W extends to all of T iff each local charge vanishes. Thus
a semimetal (whose valence bundle represents a class in H2(T \W )) can be gapped
into an insulator iff all the local charges are zero. A topological semimetal with a
topologically protected crossing at w has non-zero local charge there.
(3) The insulator invariants in H2(T ) (“weak” Chern insulators) appear faithfully in
H2(T \ W ). Thus two semimetals with the same local charge (same image under
β) can be globally inequivalent, differing by some element in (the image under ι∗ of)
H2(T ) (the weak invariants).
An important consequence of Point 3 is that the local charge information is not sufficient
to determine the global band structure of the semimetal. As explained in [41], this ambiguity
has crucial consequences for the determination of the resulting surface Fermi arcs. We will
have more to say about this in Section 3.4.2, see also Figure 10.
More generally, in d ≥ 3, a Dirac-type Bloch Hamiltonian in the sense of Definition 2.1
determines by restriction smooth maps hˆw : Sw −→ Sd−1, w ∈ W , and the semimetal MV
sequence can be interpreted at this level. In Appendix A we describe the relevant geometric
structures on Sd−1, d = 3, 4, 5, and these can be pulled back to SW via all the hˆw.
(1) In d = 3, let L be the Hopf line bundle over S2. Consider a collection of pullback line
bundles hˆ
∗
w(L) over Sw, such that
∑
w∈W c1(hˆ
∗
w(L)) = 0 =
∑
w∈W deg(hˆw), where
deg(hˆw) denotes the degree of the map hˆw. Although they individually may not
extend to T \{w}, together∐w∈W hˆ∗w(L) over SW does extend to T \W by exactness
of the MV sequence. See the Appendix for more information.
(2) In d = 4, the H3 part of the semimetal Mayer–Vietoris sequence
(2.5) · · · 0→ H3(T ) ι∗−→ H3(T \W ) β−→ H3(S3W ) Σ−→ H4(T )→ 0 . . .
has the following analogous geometric interpretation. We refer the reader to Appen-
dix A for a primer on gerbes and the construction of the basic gerbe on SU(2). A col-
lection of pullback basic gerbes Gw → Sw with Dixmier–Douady numbers DDw may
be extended to a gerbe over T \W (comes from a gerbe semimetal) iff∑w∈W DDw = 0
(local DD charges cancel). The pullback basic gerbe G → T \W extends to all of
T iff each local DD charge vanishes. Thus a gerbe semimetal (with topological in-
variant in H3(T \W )) can be gapped into an insulator iff all the local DD charges
are zero. A topological gerbe semimetal with a topologically protected crossing at
w has non-zero local DD charge there. The insulator invariants in H3(T ) (“weak”
gerbe insulators) appear faithfully in H3(T \W ). Thus two gerbe semimetals with
the same local DD charge (same image under β) can be globally inequivalent, dif-
fering by some element in (the image under ι∗ of) H3(T ). Conversely, the pull-
back gerbes hˆ
∗
w(G) over Sw, where G is the basic gerbe over S3 ∼= SU(2), such that∑
w∈W DD(hˆ
∗
w(G)) = 0 =
∑
w∈W deg(hˆw). Although the hˆ
∗
w(G) may not individually
11
extend to T \ {w}, the gerbe ∐w∈W hˆ∗w(G) does extend to T \W by exactness of the
MV sequence. See Section 4.6.1 and the Appendix for more details.
(3) In d = 5, the analysis is analogous to the case of line bundles done above. One
replaces the line bundle L over CP1 by the quaternionic line bundle H over HP1 and
one uses the MV sequence in (4.3), where the first Chern class is replaced by the 2nd
Chern class. See Section 4.5 and the Appendix for more details.
Although there is a MV sequence analysis in the case of Kervaire semimetals (Section 5.4),
we are unable to formulate a geometric extension problem in this context (see Section 6).
2.5.1. Adiabatic connections. In Section 2.1, we briefly alluded to the relation between Chern
numbers and Berry connections associated to valence subbundles for a family of Hamiltonians
over T . In general, a rank-n eigen-subbundle has a U(n) adiabatic (non-abelian Berry)
connection, whose curvature gives the real (de Rham) Chern classes of the subbundle [55].
For n = 1, the curvature 2-form is involved in computing first Chern numbers. In the
presence of time-reversal symmetry, the subbundle is complex even-dimensional and in fact
a quaternionic symplectic bundle with quaternionic dimension m = n
2
; the Berry connection
becomes a Sp(m) one, see [5, 6, 23] and Section 4.5.2. For m = 1, the 4-form obtained from
squaring the curvature enters in the computation of second Chern numbers. In a similar vein,
the additional imposition of a chiral symmetry allows a “semimetal gerbe” to be associated
to the family of Hamiltonians, see Section 4.6.1. There is a “Berry connection 2-form” with
3-form curvature, which computes the Dixmier–Douady invariants of the gerbe.
2.6. Dual MV sequence and Fermi arcs. Fermi arcs are more naturally analyzed in
homology, and for this reason, we Poincaré-dualise (2.3)
(2.6) · · · 0→ H1(T )︸ ︷︷ ︸
Euler structures
→ H1(T,W )︸ ︷︷ ︸
Euler chains
∂→ H0(SW ) ∼= H0(W )︸ ︷︷ ︸
local charges
→ H0(T )︸ ︷︷ ︸
total charge
→ 0 · · · ,
with the physical meanings of the first two groups explained in Section 3. Roughly speaking,
the Poincaré dual of a semimetal invariant in H2(T \W ) is an Euler chain in the relative
homology group H1(T,W ), whose boundary is the 0-chain of local charge data.
Equation (2.6) can also be exhibited directly as a Mayer–Vietoris sequence for Borel–Moore
homology HBM∗ [8, 27]. The groups HBM∗ (·) may be defined for locally compact spaces X
using locally finite chains. For compact spaces, HBM∗ and the usual (singular) homology H∗
coincide. However, HBM0 (Dw) = 0 whereas H0(Dw) ∼= Z, for Dw an open ball containing w.
There are isomorphisms H1(T,W ) ∼= HBM1 (T \W ), H∗(X) ∼= HBM∗+1(X×R), Poincaré duality
Hd−1(T ) ∼= HBM1 (T \W ), and restriction maps to HBM∗ of open subsets, see Chapter 2.6 of
[13]. The Poincaré dual of (2.3) written in terms of HBM∗ is
(2.7) · · · 0 −→ HBM1 (T ) −→ HBM1 (T \W ) −→ HBM1 (SW × (−, )) −→ HBM0 (T ) −→ 0 · · · ,
which is precisely the MV-sequence for HBM∗ (IX.2.3 of [27]), with respect to the open cover
{DW , T \W} of T ; c.f. the “localization” long exact sequence, IX.2.1 of [27] and 2.6.10 of [13].
The sequences (2.7) and (2.6) are the same on account of HBM1 (SW × (−, )) ∼= H0(SW ).
The language of Borel–Moore homology has certain advantages, but for this paper we stay
in the more elementary setting of relative homology so as to avoid having to introduce too
much technical machinery.
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In [41], we explained how Fermi arcs represent relative homology classes in H1(T˜ , W˜ ),
where pi : (T,W ) → (T˜ , W˜ ) projects out one torus direction, so T˜ is the surface Brillouin
zone. The Euler chain representing the topological data of a semimetal is projected onto a
surface Fermi arc, and this is the Poincaré dual picture of the bulk-boundary correspondence,
see Section 3.4.2.
3. Euler chains and semimetal Hamiltonians
Since we parametrise Dirac-type Bloch Hamiltonians by vector fields h on T , we would
also like to analyse the semimetal MV-sequence (2.3) in terms h and its homotopies. In the
insulating case, we might want to maintain the gap condition and so consider homotopies
through non-singular (i.e. nowhere vanishing) vector fields. In the semimetal case, we want
to at least maintain the gap condition everywhere except perhaps at a finite set of isolated
Weyl points. We may require the set of Weyl points and their charges to be kept fixed, or
we may allow them to move around and be created/annihilated in pairs. In Section 3.1,
we explain why it is important to keep track of the “history” of the creation/annihilation of
Weyl points as part of the topological data of a semimetal band structure. This motivates
the mathematical notion of Euler structures, which we introduce in Section 3.2, as well as
the dual notion of Euler chains for keeping track of Weyl point connectivity, introduced in
Section 3.3. The Euler chain representation of a semimetal is then explained in Section 3.4.
3.1. Weyl pair creation and annihilation. Heuristically, a pair of Weyl points with
opposite charges +1 and −1 may be created at a particular point in T where a valence and
conduction band cross. Then the Weyl points are moved apart in T to form two separate
band crossings, each of which is topologically protected and cannot be gapped out. In the
reverse direction, if two separate Weyl points with opposite charges come together at a single
point, their charges annihilate and a gap can be opened at that point. What is particularly
interesting is that a T with some non-trivial 1-cycle (such as T = T3) admits a scenario in
which a pair of of Weyl points is created at a single point, moved apart in opposite directions
along the 1-cycle, and then annihilated when they meet again. This creation/annihilation
process is global, and the history traces out the 1-cycle (Fig. 5-6).
Even though both the initial and final band structures have no band crossings, they can
generally become topologically inequivalent during this process. For example, take T = T3
(so M = T2) in Fig. 5-6. The initial constant vector field h over T3 corresponds to an initial
gapped Hamiltonian H with trivial valence band hˆ
∗
(L), where L is the Hopf line bundle
over S2 ∼= CP1 as in Sec. 2.5. On the other hand, the final vector field h′ is such that the
unit vector map hˆ′ : T3 → S2 restricts to a degree-1 map T2 → S2 on each cross-section T2
to the Weyl points’ trajectory S1. Thus the valence band of the final gapped Hamiltonian
H ′, which is hˆ′
∗
(L), “acquires” a weak Chern class supported in the T2 directions (which is
Poincaré dual to S1). We learn that a local Weyl point creation-annihilation process does
not change the weak invariants of a Hamiltonian, but a global one can. This motivates, and
provides a physical interpretation of, a certain notion of equivalence of vector fields (thus of
Hamiltonians) defined formally in the next subsection.
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Figure 5. A typical way to locally introduce a pair of opposite-degree zeroes
into a vector field. Here, the compact oriented d-manifold T is S1 ×M , and
we perturb an initial global non-vanishing vector field (blue) by modifying it
within a ball containing the desired zeroes (black ± symbols). The region
enclosed by the dotted line is a tubular neighbourhood to the open black
line connecting − to +, so that each cross-section (dashed line) is an open ball
Dd−1 inM . For each cross-section, we assign tangent directions (green arrows,
elements of Sd−1) to the closed ball Dd−1 by the surjective map Dd−1 → Sd−1
which collapses ∂Dd−1 to the point corresponding to the blue arrow. On a
small d−1-sphere Sd−1± surrounding ±, the assignment of tangent directions is
a degree ±1 map Sd−1± → Sd−1 as required. This is essentially the Pontryagin–
Thom construction, see [43].
3.2. Euler structures. Smooth Euler structures. Let T be a compact oriented d-
manifold with d ≥ 2, and suppose T has Euler characteristic χ(T ) = 0 (this is automatic in
d = 3) so that it has a global non-vanishing vector field.
Definition 3.1 ([65]). Two non-singular smooth vector fields h,h′ on T are said to be
homotopic (also called homologous3 in [65]) if for some open ball D, the fields h,h′ are
homotopic on T \D in the class of non-singular vector fields on T \D. The set vect(T ) of
homotopy classes of non-singular vector fields is called the set of smooth Euler structures on
T .
As explained in Section 5 of [65], the first obstruction to such a homotopy between h,h′ is
an element (written as h/h′) of Hd−1(T, pid−1(Sd−1)) ∼= Hd−1(T,Z), canonically isomorphic
to H1(T,Z) by Poincaré duality. It turns out that there is a natural free and transitive action
of the group of obstructions Hd−1(T,Z) ∼= H1(T,Z) on vect(T ).
3The stronger notion of homotopy on T through non-singular vector fields can also be analysed [65], but
we do not consider this in this paper.
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Figure 6. If the locally created zeroes of Fig. 5 are moved apart in opposite
directions along the cycle S1, and then annihilated when they meet (grey ±
symbols), the result is a global vector field modified (as in the green arrows)
from the initial one (blue arrows) within a tubular neighbourhood S1 ×Dd−1
to the trajectory of the zeroes.
Remark 3.1. If we pick a reference nonsingular href as the zero, then we can identify vect(T )
with Hd−1(T,Z). For T = Td, a natural choice for href is a constant length vector field
pointing along a torus cycle (this gives a trivial insulating phase); reference to such a href
will be implicit in this case. We remark that the space of spinc structures for T is a H2(T,Z)-
torsor, and that when d = 3, a non-singular href determines a spinc structure through the
unit vector field hˆref [66], and vice-versa.
3.2.1. Another picture of Euler structures. An equivalent definition of Euler structures,
which is useful for our generalisation to Kervaire structures in Section 5.4, was given in
[66] as follows.
Definition 3.2. Let T be a compact oriented d-manifold with χ(T ) = 0, and let S ≡ S(E)
be the unit sphere bundle for the tangent bundle E → T (with a Riemannian metric). Define
the set of Euler structures to be the subset c˜oEul(T ) ⊂ Hd−1(S,Z) for which the restriction
to each (oriented) fibre Sk ∼= Sd−1 generates Hd−1(Sd−1,Z).
Then there is a free and transitive action of H1(T,Z) ∼= Hd−1(T,Z) on c˜oEul(T ) under
pullback to S and addition in Hd−1(S,Z). To pass from the first picture of smooth Euler
structures as vect(T ) to this second picture, notice that the unit vector field hˆ for a non-
singular h is a map T → S and so a d-cycle in S. Orient S by requiring the intersection
number of every Sk with this cycle to be +1. Then the d-cycle hˆ Poincaré dualises to
a (d − 1)-cocycle which we write as PDh, and the latter represents an Euler structure in
c˜oEul(T ) ⊂ Hd−1(S,Z) in the second picture. To emphasize the cohomology definition of
Euler structure, we will sometimes use the term co-Euler structure, to distinguish it from a
homological definition to be given in Section 3.3.
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As with vect(T ), there is an identification of the affine space c˜oEul(T ) with Hd−1(T,Z)
upon fixing a reference non-singular href. Writing p : S → T for the projection, we note that
hˆ
∗
ref ◦ p∗ = id in the Gysin sequence
(3.1) 0 −→ Hd−1(T,Z)
p∗

hˆ
∗
ref
Hd−1(S,Z) p∗−→ H0(T,Z) −→ 0,
with p∗ the pushforward, or integration over the Sd−1 fibers.
The subset c˜oEul(T ) ⊂ Hd−1(S,Z) comprises [PDhref ] and all its translates by p∗(Hd−1(T,Z)),
so hˆ
∗
ref gives a bijection from c˜oEul(T )→ Hd−1(T,Z) taking [PDhref ] to the identity element.
3.3. Euler chains and singular vector fields. There is a dual picture of Euler structures
involving vector fields with finite singularities, which is closely related to the intuition behind
Fermi arcs. We sketch the construction here for the case of non-degenerate zeroes, see
[26, 12, 44] for the general case.
For a vector field h on T with finite singularity setWh, letWh denote the singular 0-chain
Wh :=
∑
w∈Wh Indw(h)w ∈ C0(T,Z) which encodes the local charge information. We can
also think of Wh as an element of H0(Wh,Z) whose weights sum to zero.
Definition 3.3 ([26]). Let T be a compact d-manifold with d ≥ 2 and χ(T ) = 0. An Euler
chain for a 0-chainW in T whose weights sum to zero, is a 1-chain l ∈ C1(T,Z) such that ∂l
is W . An Euler chain l defines a relative homology class in H1(T,W,Z) where W is the set
of points that W is defined on4. Let Eul(T,W) ⊂ H1(T,W,Z) denote the subset of relative
homology classes of 1-chains in T whose boundary is W .
From the exact sequence
0 = H1(W,Z)→ H1(T,Z)→ H1(T,W,Z) ∂→ H0(W,Z) Σ→ H0(T,Z)→ H0(T,W,Z) = 0,
we see that Eul(T,W) is a coset of H1(T,Z) in H1(T,W,Z) and so an affine space for
H1(T,Z). In particular, the difference of [l], [l′] ∈ Eul(T,W) is an element of H1(T,Z). Note
that any 0-chain W with total weight zero can be realised as the 0-chain of charges Wh for
some singular vector field h, by the (converse of the) Poincaré–Hopf theorem. Euler chains
can be thought of as extra global data encoding how the local charge configuration for a
singular vector field is “connected”. As explained in Section 3.4, Euler chains are in a precise
sense Poincaré dual to cohomological semimetal invariants.
Non-degenerate homotopies. Let h,h′ be two smooth vector fields, then there is a
canonical identification of Eul(T,Wh) and Eul(T,Wh′) as affine spaces, using a notion of
non-degenerate homotopy defined as follows. Let p∗E be the pullback of the tangent bundle
E → T under the projection p : [0, 1] × T → T . A non-degenerate homotopy between h
and h′ is a section h˘ of p∗E transverse to the zero section, which restricts to h at t = 0
and h′ at t = 1. Such a homotopy exists by perturbing, for instance, a linear homotopy,
and allows for the movement t 7→ Wht of the local charges Wht := h−1t {0} including the
creation and annihilation of pairs of zeros with equal and opposite charges (Fig. 7). For
generic t, the intermediate vector field ht intersects the zero vector field transversally (e.g.
transversality of ht fails when a pair of Weyl points are created or annihilated). The zero
4W is allowed to be zero on points in W .
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Figure 7. The homotopy parameter t ∈ [0, 1] goes horizontally, while all
coordinates for the manifold T are suppressed except one cyclic S1-direction.
The height function at each t (yellow curve) indicates the length of a tangent
vector on {t}×T in the aforementioned direction. Black arrows represent one
component of the initial (left) vector field h and final (right) one h′, which
are taken to be equal in this example. The zero-section of the tangent bundle
of [0, 1]× T is the blue shaded area. A non-degenerate homotopy h˘ is shown,
with the intermediate vector fields ht (indicated by yellow dashed curves)
generically having isolated zeroes with charges −,+. The orange oriented
submanifold W˘ comprises the singularities of h˘. The Euler chains for the ht
(red lines joining − to +) are “carried along” W˘ , disappear when the Weyl
points coalesce, then reappear when a pair of Weyl points are created. Under
this homotopy, the homology class of the final Euler chain (for h′) remains the
same as that of the initial Euler chain (for h), consistent with what happens
if the obvious constant homotopy is chosen instead.
set W˘ of h˘ is a canonically oriented 1-submanifold with boundary W(1)
h′ −W(0)h , where the
superscript indicates whether the 0-chain lies on {0}×T or on {1}×T . Let [l] ∈ Eul(T,Wh),
then W˘ + l is a 1-cycle on [0, 1] × T relative to {1} × T , since ∂(W˘ + l) = W(1)
h′ . Because
H1([0, 1]×T, {1}×T ) = 0, there is a 2-chain P on [0, 1]×T whose boundary is W˘+ l relative
to {1}× T . Taking l′ := W˘ + l− ∂P , we see that l′ is a 1-chain on {1}× T with ∂l′ =W(1)
h′ ,
which defines a class [l′] ∈ Eul(T,Wh′). Intuitively, we can think a homotopy h˘ as providing
the data of how an initial l is to be “carried along W˘” onto a final l′.
One shows [26] that the above assignment [l] 7→ [l′] is independent of the choices of homo-
topy and of Σ, descending to an affine map φh′,h : Eul(T,Wh)→ Eul(T,Wh′). Furthermore,
one has the properties φh′′,h = φh′′,h′ ◦φh′,h, and φh,h = id, so each Eul(T,Wh) is canonically
isomorphic to a single affine space (which for oriented T can be taken to be the space of
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Figure 8. A homotopy h˘ which translates the initial vector field h by half a
S1-cycle, showing how the Euler chain is carried along the zero set (orange) of
h˘. Rotation by a full cycle will return the Euler chain to its original position,
with the same homology class.
Figure 9. A homotopy h˘ which changes the homology class of an Euler chain.
Note that there is no open ball of T within which the singular set of ht stays
for all t ∈ [0, 1]. Rather, such an “enveloping open set” contains an S1 cycle.
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smooth Euler structures vect(T ) in Definition 3.1) over H1(T,Z) [26]. In particular, when a
non-singular href in vect(T ) has been chosen, a possibly singular h has an associated Euler
chain l.
Example 3.2. If there is a h˘ such that the local chargesWt are simply moved around smoothly
and disjointly without creation/annihilation, i.e. there is a smooth 1-parameter family of
diffeomorphisms ϕt of T taking W0 to Wt, t ∈ [0, 1], then the zero set W˘ of h˘ is simply a
set of disjoint lines representing the trajectories of the local charges. An initial Euler chain
l is “carried along W˘ ” to the final Euler chain l′ (Fig. 8).
Suppose h,h′ have the same 0-chains of local charges, W = Wh = Wh′ . Then the
endomorphism φh′,h : Eul(T,W)→ Eul(T,W) can be thought of as the homological change
in the Euler chains, [l] 7→ [l′], under a non-degenerate homotopy h˘ taking h to h′. Specifically,
l′− l = W˘−∂P can be pushed forward under the projection p to a 1-chain on T , also written
l′−l, which is actually a cycle. Then [l′]−[l] ∈ H1(T,Z) is a “homological difference” between
h and h′; this difference was called a Chern–Simons class cs(h,h′) in [12, 44]. For h,h′
having different local charges, cs(h,h′) is defined similarly, as a 1-chain modulo boundaries
.
Example 3.3. Suppose further that there is a non-degenerate homotopy h˘ which stays non-
singular outside some open ball in T (necessarily containing Wh = Wh′). Then an initial
Euler chain l does not pick up any nonzero element of H1(T,Z), so [l′] = [l] (Fig. 7, 9).
3.4. Euler chain representation of a semimetal. The upshot of introducing Euler chains
is that we can use them to represent globally the topological data of a semimetal band struc-
ture, whenever vector fields are used to parameterise semimetal Hamiltonians. This is cer-
tainly the case for 2×2 Hamiltonians in 3D, and more generally for Dirac-type Hamiltonians
in higher dimensions. The singular pointsWh of h are the band crossings of H, and the local
charge information is contained in the 0-chain Wh. Each h can be associated with an Euler
chain class in H1(T,Wh,Z) by the prescription of the previous subsection, and vector fields
with the same local charges but homologically different Euler chains cannot he homotoped
whilst keeping the singular set within an open ball (in particular, while keeping the singular
set fixed). When we generalise to Kervaire chains for bilinear Hamiltonians later, it will be
convenient to use an alternative prescription to associate an Euler (or Kervaire) chain to a
semimetal Hamiltonian.
This alternative prescription uses a definition of Euler structures which follows that given
in Section 3.2.1, but which is defined in terms of singular vector fields. Let S be the sphere
bundle of the tangent bundle of T , and S|T\W ,S|DW = Sd−1×DW ,S|SW = Sd−1×SW be the
restrictions of S to the subspaces of T appearing in our MV-sequence, and let p denote the
various bundle projections. All these sphere bundles have vanishing Euler class. There is also
an MV-sequence for the cover {S|T\W ,S|DW } of S, which has intersection S|SW , and we write
Σ˜ for its connecting maps. Let href be a non-singular vector field on T , then hˆ
∗
ref ◦ p∗ = id.
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Consider the semimetal MV-sequence and its dual homology sequence, where we have
suppressed the integer coefficients,
0 // Hd−1(T )
PD

ι∗ // Hd−1(T \W )
PD

β // Hd−1(SW )
PD

Σ // Hd(T )
PD

// 0
0 // H1(T ) // H1(T,W )
∂ // H0(W )
Σ // H0(T ) // 0
.
The local charges can be thought of as a 0-chain W on W ⊂ T , or dually as an element
PD(W) in Hd−1(SW ); in either case they are required to have total charge zero.
Definition 3.4. For a 0-chain W of local charges on T , with total charge 0 and defined on
W ⊂ T , we write coEul(T,W) for the image of Eul(T,W) in Hd−1(T \W ) under Poincaré
duality; equivalently this is the inverse image of PD(W) under β.
We combine the cohomology Mayer–Vietoris (horizontal) and Gysin sequences (vertical)
for T and S,
(3.2) 0

0

0

0 // Hd−1(T )
p∗

ι∗ // Hd−1(T \W )
p∗

β // Hd−1(SW )
p∗

Σ // · · ·
0 // Hd−1(S) //
p∗

Hd−1(S|T\W )⊕Hd−1(S|DW ) //
p∗

Hd−1(S|SW ) Σ˜ //
p∗

· · ·
0 // H0(T ) //

H0(T \W )⊕H0(DW ) //

H0(SW ) //

· · ·
0 0 0
,
where we have augmented the middle Gysin sequence by a Hd−1(S|DW )
p∗−→ H0(DW ) piece
needed to make the bottom two horizontal MV sequences exact. The horizontal maps are
restriction maps (or differences of) and so it is easy to see that the diagram commutes. The
middle MV-sequence is, by the Künneth theorem,
0→ Hd−1(S)→ Hd−1(S|T\W )⊕Hd−1(S|DW )→ Hd−1(SW )⊕H0(SW ) Σ˜=Σ˜1⊕Σ˜2−−−−−−→ · · ·
and so the restriction map for the Hd−1(S|T\W ) factor has a “local charge” component
β˜ : Hd−1(S|T\W ) → Hd−1(SW ) and a second component which is less important for us.
Furthermore the restriction map for the Hd−1(S|DW ) ∼= H0(DW ) factor only lands in the
H0(SW ) factor. The relevant part of (3.2) is then the commuting diagram of short exact
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sequences
(3.3) 0

0

0

0 // Hd−1(T )
p∗

ι∗ // Hd−1(T \W )
p∗

β // kerΣ(Hd−1(SW ))
p∗

// 0
0 // Hd−1(S) ι∗ //
p∗

hˆ
∗
ref
OO
Hd−1(S|T\W ) β˜ //
p∗

hˆ
∗
ref
OO
kerΣ˜1(H
d−1(SW )) //

0
0 // H0(T )
ι∗ //

H0(T \W ) //

0
0 0
.
Definition 3.5. Let W be a 0-chain of local charges defined on the finite subset W ⊂ T
with total weight zero, and PD(W) its Poincaré dual. We define c˜oEul(T,W) to be the set
of u ∈ Hd−1(S|T\W ,Z) such that p∗u = 1 and β˜u = PD(W).
Proposition 3.4. There is an identification of c˜oEul(T,W) and coEul(T,W) as affine spaces
for Hd−1(T,Z).
Proof. By chasing through the diagram (3.3), we see that an element u ∈ c˜oEul(T,W) is of
the form p∗v + ι∗s for some v ∈ Hd−1(T \W ) with β(v) = PD(W) and some s ∈ Hd−1(S)
with p∗(s) = 1, i.e. s ∈ coEul(T,W) and v ∈ coEul(T ). Clearly, the action of Hd−1(T ) on
c˜oEul(T,W) by pullback (p◦ι)∗ and addition is free, and is also transitive since the difference
of u1, u2 ∈ c˜oEul(T,W) is the sum of ι∗(s2 − s1) and p∗(v2 − v1), which is something in
(p ◦ ι)∗(Hd−1(T )). Given a reference non-singular href, it is easy to check that the surjective
map hˆ
∗
ref : H
d−1(S|T\W ) → Hd−1(T \W ) respects the local charges β, β˜, and restricts to a
Hd−1(T )-equivariant bijection between c˜oEul(T,W) and coEul(T,W). 
The following diagram summarises the various affine spaces for H1(T ) ∼= Hd−1(T ):
H1(T ) //

Eul(T,W)oo

⊂ H1(T,W )
Hd−1(T ) //

OO
coEul(T,W)oo

OO
⊂ Hd−1(T \W )
Hd−1(S) ⊃ c˜oEul(T ) //
OO
c˜oEul(T,W)oo
OO
⊂ Hd−1(S|T\W )
.
Remark 3.5. If W is the zero 0-chain, then c˜oEul(T, 0) coincides under ι∗ with c˜oEul(T ).
Let h be a vector field with local chargesW , so hˆ defines a d-cycle on S|T\DW relative to the
boundary S|SW . Its Poincaré dual is a (d− 1)-cocycle on S|T\DW representing an element of
c˜oEul(T,W). Pulling back under hˆref gives an element [wh] in coEul(T,W), whose Poincaré
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dual is an Euler chain [lh] in Eul(T,W). In this way, a semimetal Hamiltonian specified by
a vector field h with finite singularities can be represented by an Euler chain for W .
Definition 3.6. Suppose H is a Dirac-type Hamiltonian specified by a smooth vector field
h on T with finite singularities W . It has a cohomological topological invariant [wh] ∈
coEul(T,W) ⊂ Hd−1(T \W,Z) as in the above paragraph, and its Euler chain representation
is the Poincaré dual [lh] ∈ Eul(T,W) ⊂ H1(T,W,Z).
3.4.1. “Jumps” in topological invariants when restricted to subtori. The Euler chain represen-
tation of a semimetal is extremely useful because it invariantly characterises and generalises
the idea of “jumps in Chern numbers” as a Weyl point is traversed, even for complicated local
charge configurations. More precisely, the natural pairing Hd−1(T \W,Z)×Hd−1(T \W,Z)→
Z is well-defined for any semimetal with invariant [ωh], and any homology (d− 1)-cycle [P ]
in T which avoids W . For example, we can take [P ] to be the fundamental classes of (d−1)-
spheres surrounding Weyl points, or (when T = Td) of (d− 1) subtori at a fixed coordinate.
The pairing Poincaré dualises to the intersection pairing5 between [lh] and [P ], i.e. the signed
number of intersections between lh and P .
As a concrete example in d = 3, for those [P ] which are represented by 2-submanifolds P ,
the intersection number computes the integral over P of the Berry curvature 2-form — this
yields the familiar first Chern numbers (“weak” Chern invariants) and their discontinuities
across the Weyl points (Fig. 11-12).
3.4.2. Bulk-boundary correspondence and rewiring Fermi arcs. For T = Td, a projection pi :
(Td,W )→ (T˜ = Td−1, W˜ ) induces a homology projection pi∗ : H1(T,W )→ H1(T˜ , W˜ ), which
we can think of as being Poincaré dual to the bulk-boundary correspondence [41, 40, 39].
Under pi∗, an Euler chain becomes a surface Fermi arc — a 1-chain on T˜ whose boundary
is the projected 0-chain of local charges. Figure 10 provides an intuitive picture in d = 3 in
which pi projects out the kz coordinate, illustrating how surface Fermi arcs are determined6
from bulk Euler chains by pi∗. The Euler chain description is coordinate-free, and determines
the Fermi arc connectivity for the projection to any surface.
Remark 3.6. If we are able to access the complete specification of a semimetal Hamiltonian
as an operator, then its surface Fermi arc is uniquely determined in principle. In practice,
we have access to the Fermi arcs, and different Fermi arcs (as 1-chains) come from different
Hamiltonians (as operators). The passage from Hamiltonian to Fermi arc can be modelled,
for example, by transfer matrices [22, 4, 17]. At the topological level, a coarser but more
appropriate question is how Fermi arcs may be used to distinguish topologically distinct
semimetal Hamiltonians. For this latter question, we note that any Euler chain represen-
tative for a semimetal Hamiltonian H maps under pi∗ to a 1-chain which is topologically
equivalent to the actual Fermi arc for H. Thus Fermi arcs which are topologically distinct
must come from topologically distinct Hamiltonians; our slight abuse of language in calling
the 1-chain a “Fermi arc” does not matter at the level of topological invariants.
5The intersection pairing is more precisely defined as a map HBM1 (T \W )×Hd−1(T \W )→ H0(T \W ), as
in 2.6.17 of [13]. Here HBM1 (T \W ) is Borel–Moore homology, mentioned in Section 2.6, which is isomorphic
to H1(T,W ) and Poincaré dual to Hd−1(T \W ).
6In [41], we used a different sign convention for which Fermi arcs point from + to −, so the Fermi arcs
there are oppositely oriented to those in this paper.
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Figure 10. Red lines in the bulk Brillouin torus T3 are Euler chains rep-
resenting semimetals, encoding, in particular, how their first Chern numbers
(weak invariants) cyz1 , czx1 vary with kx, ky. Only the values of c
yz
1 are indicated.
Gapless surface states appear at points in the surface Brillouin torus T2 where
a first Chern number is non-zero, forming a Fermi arc connecting the projected
Weyl points. The Fermi arc is determined from the Euler chain homologically
by projection pi∗
Certain scenarios involving tuning semimetal Hamiltonians and “rewiring” their surface
Fermi arcs were considered in [36, 18]. These essentially involve homotopies h˘ which fix the
local chargesW =Wh =Wh′ (at least up to a diffeomorphism moving the Weyl points), and
so induce the identity map on the class of Euler chains in Eul(T,W) ⊂ H1(T,W ). Under
pi∗, the surface Fermi arcs for h and h′ may become “rewired”, but only in such a way that
their class in H1(T˜ , W˜ ) remains unchanged. Rewirings which involve a change in H1(T˜ , W˜ )
necessarily require the prefiguring Euler chain in Eul(T,W) to change homology class, and
this cannot be achieved by homotopies h˘ which fix the local charges W . Figures 11-12
illustrate some examples of rewirings.
Remark 3.7. In d > 3, the intuition afforded by Figures 4 and 10-12 carries over in much the
same way. For example, in d = 4, the blue surfaces represent hyperplane slices (3-tori) on
which the semimetal gerbe of Section 4.6.1 restricts and has a curvature 3-form. There are
four independent slice directions. As a slice is moved transversely across a semimetal band
crossing with local charge q, the Dixmier–Douady invariant of the gerbe on the slice jumps
by q. In d = 5, the slices are 4-tori and and it is the second Chern number of the T-invariant
semimetal (Section 4.5) which jumps by q.
Remark 3.8. It is also possible to define Euler structures for T even if χ(T ) 6= 0 by introducing
a basepoint k0 ∈ T which “contains χ(T )”, see [12]. An Euler chain for a 0-chain W is
then a 1-chain l ∈ C1(T,Z) such that ∂l = W − χ(T )k0. Every vector field h on T with
isolated zeroesW admits an Euler chain for its 0-chainWh of local charges in this sense: take
l =
∑
w∈W Indw(h)(w−k0), then ∂l =
∑
w∈W Indw(h)w−(
∑
w∈W Indw(h))k0 =Wh−χ(T )k0
by the Poincaré–Hopf theorem. Euler structures for T with basepoint k0 are then defined as
classes of pairs (h, l) which are considered equivalent if l2 = l1 +cs(h1,h2) up to a boundary.
There is an action of H1(T,Z) on these classes by addition to l, which is furthermore free
and transitive.
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Figure 11. Black square represents T3 with one coordinate suppressed; we
can also interpret it as the projected surface Brillouin torus T2. Two homol-
ogous Euler chains (the left and right pairs of red directed lines) having the
same local charge configuration are shown, and we can also interpret them as
the corresponding surface Fermi arcs. [L] First Chern numbers for 2D subtori
in the yz (resp. zx) directions at fixed kx (resp. ky) are shown, and may be
computed by counting the signed intersection between the Euler chain and the
subtorus. The “straightness” of the Euler chain does not matter, and Chern
numbers can also be calculated for 2-cycles other than the standard 2D subtori
with a fixed coordinate [R].
Figure 12. More complicated Euler chains in Eul(T,W) ⊂ H1(T3,W ) rep-
resenting more semimetal invariants in coEul(T,W) ⊂ H2(T3 \W ). The left
and right Euler chains are not homologous.
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4. Topological semimetal invariants in d = 3, 4, 5
4.1. General remarks on Bloch bundles and gauge invariance. Often, it is implicitly
assumed that the Hamiltonians act on a trivial Bloch bundleS = T×Cn and that a triviali-
sation (choice of basis) has been given, so that the Dirac-type Hamiltonians of the form (2.1)
are well-defined globally. Although this default setting suffices to illustrate many interesting
features of semimetals, it is worth mentioning that non-trivial S can arise physically and
can still be handled mathematically. In general one has, after a Bloch–Floquet transform, a
Hilbert bundle H → T in which the fibre Hk over k ∈ T comprises the quasi-periodic Bloch
wavefunctions with quasimomentum k [19, 54, 28, 32]. One typically restricts attention to
a low-energy subbundle S defined by a finite number of energy bands separated from the
rest by spectral gaps. Subsequently, a Bloch bundle S will refer to such a truncated finite-
rank hermitian vector bundle over a manifold T of (quasi)-momenta, on which the Bloch
Hamiltonians act fiberwise.
In the theory of topological band insulators, it is crucial that S or its subbundles can be
non-trivializable, e.g. 2D Chern insulators are essentially specified by the first Chern class
of a non-trivializable valence line bundle. Expressions such as (2.1) should be understood as
local expressions, which continue to make sense on a Bloch bundle S as long as S has the
structure of a Clifford module bundle (or spinor bundle) so that the n× n operators γi are
well-defined globally. In particular, the analysis of the spectrum of H = h · γ remains the
same for any S — namely, the ±|h(k)| eigenspaces degenerate (i.e. there is a band crossing)
precisely at the zeroes of h. On the other hand, the topology of the valence subbundle over
T \W , which is defined by the Fermi projection 1
2
(1 − hˆ(k)), does depend on S through
the operators γi.
When n > 2, the most general n-band Hamiltonian is not of Dirac-type, and well-defined
topological invariants should respect the U(n) gauge invariance of the rank-n Bloch bundle
S . Nevertheless, Dirac-type Hamiltonians are generic when certain time-reversal/particle-
hole symmetries are imposed. Such additional symmetries restrict the gauge group, and
the topological invariants which we will define for insulators/semimetals described by Dirac-
type Hamiltonians, are gauge invariant in this restricted sense. Some examples of such gauge
restrictions were studied in [5, 6], and we also analyse them in Section 4.
4.2. General Hamiltonians over a manifold. The properties of Dirac-type Hamilto-
nians which are relevant for defining insulator/semimetal invariants can be abstracted as
follows. An abstract (quantized) Dirac-type Hamiltonian is a section of the vector part of
some Clifford algebra bundle over a momentum space manifold T , i.e. the quantization of a
vector field h specifying the abstract Hamiltonian as in Definition 2.1. Pointwise in T , the
spectrum of such a Hamiltonian (as a Clifford algebra element) can be found quite easily;
it depends only on the vector field and has the crucial feature that it degenerates exactly
at the zero set W of the vector field. When such Hamiltonians are represented on some
Clifford module bundle S (physically the Bloch bundle), they become concrete families of
Hermitian operators with Fermi projections etc. The local topological invariant at a zero
w ∈ W is intrinsic to h rather than the particular choice of Bloch bundle S , and exists
even when S is not a trivial bundle. Furthermore, the symmetries and gauge structure for
the Hamiltonians become more transparent at this abstract level, and this is especially so in
higher dimensions.
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Hamiltonians as quantized vector fields. For d ≥ 3, let E be an oriented rank-d
real vector bundle over a compact oriented manifold T with fibre metric g, along with a
spinc structure (e.g. take T a spinc manifold and E its tangent bundle, then there is a
H2(T,Z) worth of spinc structures to choose from). The Clifford algebra bundle Cl(E , g) is
a “quantization” of the exterior algebra bundle
∧∗ E to allow for multiplication of vectors,
both bundles having structure group SO(d) [33]. With the spinc structure, we can construct
the (irreducible) spinor bundle S (the “Bloch bundle”) of complex rank n = 2b
d
2
c, with
Spinc(d)-invariant Hermitian inner product, and Clifford multiplication gives a real bundle
homomorphism Cl(E , g)→ End(S ). Thus there is a map c˜ : ∧∗ E → Cl(E , g)→ End(S ).
In particular, E ⊂ ∧∗ E is identified with a subbundle of Cl(E , g), and the map c˜ takes a sec-
tion h ∈ Γ(E) to a concrete Dirac-type Hamiltonian. More explicitly, an orthonormal frame
{e1, . . . , ed} for E becomes {c(e1), . . . , c(ed)} in Cl(E , g) and satisfies the Clifford relations
c(ei)c(ej) + c(ej)c(ei) = 2δij. The c(ei) are represented on S as traceless self-adjoint endo-
morphisms c˜(ei) ≡ γi which inherit the familiar relations γiγj+γjγi = 2δij1S . Thus, a section
h ∈ Γ(E) defines a (quantized) abstract Dirac-type Hamiltonian c(h) ∈ Γ(Cl(E , g)) (c.f. Def-
inition 2.1), which is then represented by a concrete Dirac-type Hamiltonian c˜(h) = h · γ
acting onS . The concrete Dirac-type Bloch Hamiltonian above a point k ∈ T is the operator
H(k) = h(k) · γ(k) acting on the fiber Sk ∼= Cn.
In the Clifford algebra bundle, it is already (SO(d)-invariantly) true that c(h)2 = g(h,h) =
|h|2. It follows that the spectrum of a Bloch Hamiltonian is spec(H(k)) = ±|h(k)| with
each eigenvalue 2b
d
2
c−1-fold degenerate, independently of S , and this is Spinc(d)-invariant.
Precisely at the zeroes of h, the two 2b
d
2
c−1-fold degenerate energy bands cross, and such a
crossing is precisely protected by the topological index of h there.
More generally, we only require S to be a Clifford module bundle for Cl(E , g), for which
c(h) ∈ Γ(Cl(E , g)) acts self-adjointly. Such Clifford module bundles are in fact twisted
versions of spinor bundles, obtained by tensoring with some vector bundle V , so we shall
mainly consider only irreducible spinor bundles. In Section 5 we will also consider
∧2 E ⊂
Cl(E , g) acting skew-adjointly on S , giving rise to “bilinear Hamiltonians”.
Remark 4.1. Physically, one might start off with a given Bloch bundle S , which is a hermit-
ian U(n) vector bundle over T obtained by Fourier/Bloch–Floquet transform. In order to
have a notion of Clifford multiplication and Dirac-type Hamiltonians, we need some assump-
tions on S allowing it to have the structure of a (irreducible) Clifford module bundle for
some E . In the first place, S should have the correct (complex) rank. In most model Hamil-
tonians considered in the physics literature, T = Td and the Bloch bundle S is assumed
to be trivial. In this case, we take the trivial bundle E , identified with the tangent bundle
of Td, and h ∈ Γ(E) is a tangent vector field. Then the corresponding Dirac-type Bloch
Hamiltonian H(k) = h(k) ·γ has gamma matrices γi which can be taken to be constant over
Td.
4.3. Remarks on T and C symmetries. Formally, a family of n× n Bloch Hamiltonians
over T can also be regarded as a family of Hamiltonians on an n-level quantum mechanical
system, with adiabatic phases/holonomies, etc. There is, however, a fundamental difference
between T as an adiabatic parameter space and as a quasi-momentum space, when antiuni-
tary symmetries are introduced. The Brillouin torus Td is topologically the space of unitary
characters for the translation group Zd of a lattice, so the complex conjugation involved in
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an antiunitary symmetry operator induces an involution τ (a Z2-action) on Td. Explicitly,
when we parameterise Td by angles k = (k1, . . . , kd), the character n 7→ ein·k labelled by k
conjugates to the character labelled by −k ≡ τ(k). In the context of Bloch Hamiltonians, a
fermionic time-reversal symmetry T is a lift of τ to a map on the Bloch bundle S which is
antiunitary on fibres, and satisfies T2 = −1. Compatibility of T with H(k), k ∈ Td is then
the condition T(k)H(k)T(k)−1 = H(τ(k)). Such bundles equipped with a “Quaternionic”
structure T were studied in [16], and have more recently been investigated in the context of
topological insulators [19, 15, 38, 62]. For bosonic time-reversal, T squares to the identity
instead, and is sometimes called a “Real structure”.
Similarly, an antiunitary particle-hole symmetry C anticommutes with the Bloch Hamil-
tonians in a way that respects τ , namely, C(k)H(k)C(k)−1 = −H(τ(k)). On the other hand,
for a family of Hamiltonians parametrised by T , we simply have T(k)H(k)T(k)−1 = H(k)
and C(k)H(k)C(k)−1 = −H(k), k ∈ T , without the involution τ . In either case, the squares
T2,C2 may be ±1, and when both T and C are present, they may be assumed to commute
[19].
The same involution τ is induced on Td by a spatial inversion symmetry P, since a transla-
tion by n ∈ Zd becomes a translation by −n. Thus we can consider a time-reversal symmetry
which concurrently effects spatial inversion7; we write (TP) for such a symmetry operator.
Then we have (TP(k))H(k)(TP(k))−1 = H(k), k ∈ Td where the effect of τ now cancels;
similarly for (CP). Thus the operator (TP) is an ordinary quaternionic structure, and the
Bloch bundle S has invariants as a symplectic bundle.
Convention. For this paper, we will simply write T,C with the understanding that
(TP), (CP) is meant whenever T is a Brillouin torus. Thus we always have T(k)H(k)T(k)−1 =
H(k) and C(k)H(k)C(k)−1 = −H(k), k ∈ T .
4.4. Abstract Weyl semimetal in 3D. Let us explain the above abstractions in more
detail for two-band Hamiltonians in d = 3, in which dimCS = 2. This is the setting for the
basic Weyl semimetal.
Since Spinc(3) = U(2), any rank-2 hermitian vector bundle S can arise as a spinor
bundle: take the traceless Hermitian endomorphisms H0 of S with the Hilbert–Schmidt real
inner product 〈H1(k), H2(k)〉 = 12tr(H1 ◦H2(k)). Then H0 becomes a real orientable rank-3
bundle with structure group SO(3) = PU(2) liftable to Spinc(3). An orthonormal frame
for H0 gives a set of Pauli operators {σ1, σ2, σ3}, which is positively oriented if σ1σ2 = iσ3.
Such a positively-oriented frame has the form of the standard Pauli matrices in some local
trivialization of S . The Bloch Hamiltonian is given locally by H(k) = h(k) · σ. Then
(H0, 〈·, ·〉) has a Clifford algebra bundle and a choice of spinc structure yields a spinor bundle.
S is some twisted version of this spinor bundle, and the twisting can be thought of as
changing the spinc structure under the canonical action of H2(T,Z) [33].
Thus {σ1, σ2, σ3} may be thought of as {c˜(e1), c˜(e2), c˜(e3)} for an orthonormal frame
{e1, e2, e3} in (E , g) ∼= (H0, 〈 · , · 〉). From this point of view, a vector field h ∈ Γ(E) is
quantized to an abstract Hamiltonian c(h) ∈ Cl(E , g), which acts concretely as c˜(h) = h ·σ
on S . Note that, in particular, the spectrum spec(H(k)) = ±|h(k)| is invariant under
U(2) = Spinc(3) gauge transformations of S .
7Note that this is not the same as requiring T and P to separately be symmetries, and indeed, the latter
situation requires additional data specifying whether P,T commute or anticommute [71, 58], leading in each
case to different Wigner classes.
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Remark 4.2. A gauge transformation of the Bloch bundle S implemented by local 2 × 2
unitaries U(k) turns h(k) · σ into the conjugate U(k)(h(k) · σ)U−1(k). The result of this
conjugation is known to be equal to h′(k) · σ where h′(k) is rotated from h(k) by the SO(3)
element pi(U(k)) in
1→ U(1)→ U(2) pi−→ PU(2) = SO(3)→ 1.
Similarly, PSU(2) = SO(3) in case the structure group of S can be reduced to SU(2).
4.4.1. Symmetries of 3D semimetal. Two band-Hamiltonians can more generally include
a trace term, i.e. H(k) = m(k) + h(k) · σ(k), where m(k) is not constant and so not
eliminable by shifting the overall energy level. Indeed, Hamiltonians with such m(k) terms
(and constant σ) can give rise to new phenomena such as “Type-II Weyl semimetals” [75, 57].
It is possible to distinguish the two situations, i.e. eliminate the m(k) term, by imposing a
natural symmetry constraint.
Quaternionic structure and C-symmetry. Let us recall the construction of the spinor
representation S of Cl0,3. Let e1, e2, e3 be orthonormal vectors in R3, eiej ≡ ei∧ej ∈ Λ2(R3),
and e1e2e3 ≡ e1 ∧ e2 ∧ e3 ∈ Λ3(R3). The even part Cl+0,3 ∼= Cl2,0 is isomorphic to H, and
for the complexified algebras, Cl+3 ∼= Cl2 ∼= M2(C) = H⊗R C. The spinor representation on
S = C2 is the (unique complex) irreducible representation of Cl+3 ∼= M2(C), and is extended
to Cl3 ⊃ Cl0,3 by setting a chirality condition c˜(−ie1e2e3) = 1. Spin(3) = SU(2) ∼= Sp(1)
lies in Cl+0,3 ∼= H as the unit quaternions, and S is an irreducible representation of Spin(3).
This is just the fundamental representation of SU(2) ∼= Sp(1) which is well-known to be
quaternionic.
The quantized bivectors c(e3e1), c(e3e2) generate Cl2,0 ∼= Cl+0,3 ∼= H. On S, they are
represented by skew-Hermitian operators c˜(e3e1) = iσ2, c˜(e3e2) = −iσ1 (which generate a
quaternion algebra), and with the chirality element c˜(−ie1e2e3) being the identity operator
on S, we recover the Pauli matrices c˜(ei) = σi. Since S is a quaternionic representation for
Spin(3), there is an antiunitary operator Θ on S commuting with Cl+0,3 ⊃ Spin(3) such that
Θ2 = −1, from which we deduce that Θ anticommutes with c(ei) = σi. For instance, we
can take Θ = iσ2 ◦ κ where κ is complex conjugation in the basis where σi are the standard
Pauli matrices. This operator is often taken to be the fermionic time-reversal operator T on
spin-1
2
systems.
If E has a spin (not just spinc) structure, there is also a notion of spinor bundles S
associated to the spin structure [33], and these have structure group Spin(3) = SU(2) =
Sp(1). Globalising the above constructions, these spinor bundles come with a quaternionic
structure C anticommuting with H = c˜(h) = h · σ.
Reduction to SU(2) ∼= Sp(1). Suppose we have a reduction of the structure group of the
Bloch bundle from U(2) to Spin(3) = SU(2). This is possible exactly when det(S ) is trivial,
i.e. c1(S ) = c1(det(S )) = 0 (this is a general result about reducing from U(n) to SU(n)).
Alternatively, since SU(2) = Sp(1), the reduction from U(2) to SU(2) requires a quaternionic
structure on S , which provides an isomorphism between the line bundles L1 and L2 for an
orthogonal splitting S = L1⊕L2. Then c1(S ) = c1(L1) + c1(L2) = c1(L1)− c1(L1) = 0. In
this case, we can identify H0 with the tangent bundle E → T3, as (trivial) SO(3) bundles.
Therefore, in the two-band case in 3D, the imposition of a C-symmetry constraint is one
possible way to justify (1) the restriction from arbitrary 2 × 2 Bloch Hamiltonians to the
traceless ones, and (2) the triviality of the Bloch bundle S .
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Figure 13. Four-band crossings for Dirac-type Hamiltonians, with symmetric spectrum.
4.5. T-invariant Dirac-semimetal in 5D. We now generalize the two-band crossings of
the previous section to four-band crossings. These should involve crossings of pairs of bands,
in analogy to the dispersion of massless Dirac spinors. Again, the adjective “Dirac” is loaded
and possibly misleading, and our constructions below are more analogous to Weyl fermions
in 1+5 D (which is still misleading). For this Subsection, we take T to be a compact oriented
5-manifold, and S = T × C4 a trivial Hermitian vector bundle.
The bundle H0 of traceless Hermitian endomorphisms of S is now a trivial rank-15
real vector bundle whose sections are Bloch Hamiltonians k 7→ H(k) with inner product
〈H1(k), H2(k)〉 = 14tr(H1(k) ◦H2(k)).
For notational ease, we will sometimes suppress the dependence on k when dealing with
a single operator.
4.5.1. Dirac-type Hamiltonians in 5D. Physicists often restrict attention to “Dirac-type”
Hamiltonians H(k) = h(k) · γ where γ = {γ1, . . . , γ5} is an orthonormal set of 4 × 4
hermitian operators on S satisfying the Clifford algebra relation γiγj + γjγi = 2δij, and
h is a 5-component vector field. The pragmatic justification is ease of manipulation, since
the spectrum is again easily found to be ±|h(k)|, with doubly-degenerate eigenvalues that
become four-fold degenerate precisely at the zeroes of h (Fig. 13). However, we should note
that arbitrary gauge transformations will not preserve this particular form of 4 × 4 Her-
mitian matrices. It is therefore useful to find a symmetry which reduces the allowed gauge
transformations so that the Dirac-form of H is automatically preserved.
We do this by invoking a T-symmetry constraint (a quaternionic structure) on the Hamil-
tonians, which will pick out the Dirac-type Hamiltonians as a rank-5 subbundle of H0. In
fact, the observation that the proper gauge groups and Berry connections/phases for time-
reversal invariant Hamiltonians are quaternionic, had already been made in [5, 6, 23], and in
the 4× 4 case such Hamiltonians can be constructed by considering C4 as a spin-3
2
represen-
tation (so-called “quadrupole Hamiltonians”). We give a more direct account, emphasizing
the Clifford algebra and spin groups responsible for this structure.
Consider first a fibre C4 ∼= C2 ⊗ C2 and define the antiunitary operator
(4.1) Θ = (1⊗ iσ2) ◦ κ,
where κ is complex conjugation, which satisfies Θ2 = −1. We verify that (real) linear
combinations of the following mutually anticommuting γi, i = 1, . . . , 5, commute with Θ:
(4.2) γ1 = σ2 ⊗ σ1, γ2 = σ2 ⊗ σ2, γ3 = σ2 ⊗ σ3, γ4 = σ1 ⊗ 1, γ5 = σ3 ⊗ 1.
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A more invariant way to see this is to notice that an anticommuting set of 4×4 Hermitian
operators γ1, . . . , γ4 satisfying γiγj + γjγi = 2δij, i, j = 1, . . . , 4, generate (over the reals) a
copy of Cl0,4 ∼= M2(H) inside M4(C) which thereby commutes with a Hopp action generated
by i,Θ (two anticommuting square roots of −1). The product of two or three different
γi, i = 1, . . . , 4 is not Hermitian, but γ5 = γ1γ2γ3γ4 is Hermitian and also commutes with
Θ. The remaining ten-dimensional subspace of traceless Hermitian operators is spanned by
operators iγiγj, i 6= j and they anticommute with Θ instead — we will interpret this latter
subspace of 4 × 4 Hamiltonians as those compatible with a particle-hole symmetry C, and
these form an important class to be analysed in Section 5.2.
Therefore, traceless Hermitian operators of the formH = h·γ are precisely those which are
compatible with a quaternionic structure Θ, which we interpret as a time-reversal operator
T. Conversely, a quaternionic structure Θ identifies C4 with H2, and M2(H) ∼= Cl0,4 is the
real subalgebra of M2(C) which commutes with Θ.
Globalising the above arguments, we deduce:
Proposition 4.3. A quaternionic structure Θ on a rank-4 Bloch bundle picks out a real
orientable rank-5 subbundle H0,l ⊂ H0 of commuting Dirac-type Hamiltonians. The chirality
condition γ5 = γ1γ2γ3γ4 for an orthonormal frame {γ1, . . . , γ5} for H0,l defines the positive
orientation.
A quaternionic structure always exists on a trivial Bloch bundle, and in this case, we
identify H0,l with the tangent bundle E as SO(5)-bundles. Thus {γ1, . . . , γ5} corresponds to
a positively-oriented orthonormal frame {e1, . . . , e5} for E . In terms of Clifford modules, the
Clifford algebra Cl0,5 has S = C4 as the spinor representation in which the central chirality
element c˜(e1e2e3e4e5) is the identity operator. A vector field h is quantized to an abstract
Dirac-type Hamiltonian c(h), which is represented concretely on S as the Hamiltonian
H = c˜(h) = h · γ = ∑5i=1 hiγi isometrically: 〈h1,h2〉 = 14tr(h1 · h2 + . . .) = h1 · h2.
Remark 4.4. The observation that the space H0,l has structure group SO(5) was made in
Section 5 of [6] (for trivial bundles S ). Generalizing Remark 4.2, S is the spinor represen-
tation for Spin(5) ∼= Sp(2) ⊂ U(4), and conjugating H(k) = h(k) · γ by a Spin(5) unitary
matrix U(k) takes it to H ′(k) = h′(k) · γ where h′(k) is rotated from h(k) by the SO(5)
matrix R(k) covered by U(k). The reduction of the gauge group is important: to stay within
the class of Dirac-type Hamiltonians, we cannot allow all U(4) gauge transformations of the
Bloch bundle S , but only those in Spin(5) ∼= Sp(2).
4.5.2. Quaternionic valence line bundle, local Z-charge, and second Chern class. For a 5-
component vector field with finite isolated zeroes W ⊂ T , the local index at w ∈ W is again
given by the degree of the unit vector map hˆ : S4w → S4 ⊂ R5 restricted to a small sphere
around w. This Z-valued local index measures the obstruction to “gapping” out a four-band
crossing within the family of Dirac-type Hamiltonians (or T-invariant Hamiltonians). Away
from W , H(k) can be spectrally-flattened to sgn(H(k)) = hˆ(k) ·γ, and the Fermi projection
1
2
(1 − sgn(H(k)) projects onto a complex rank-2 subspace of S = C4. This subspace is
actually a quaternionic line, i.e. an element of HP1, due to the existence of Θ commuting
with H(k). Just as a unit 3-vector defines a point in CP1 ∼= S2 via h ↔ (−1)-subspace of
h · σ, we also have HP1 ∼= S4 via {unit 5-vector h} ↔ {(−1)-subspace of h · γ}.
The valence subbundle EF of a T-invariant Dirac-type Hamiltonian in 5D is thus a quater-
nionic line bundle over T \W . These quaternionic line bundles are pulled back from the
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tautological one overHP1 = S4, and may have non-trivial symplectic Pontryagin class/second
Chern class in H4( · ,Z) [7, 5].
Remark 4.5. The symplectic Pontryagin classes qi for Sp(n) bundles [7], should be dis-
tinguished from the real Pontryagin classes pi for O(n) bundles. The former comes from
H4i(BSp(n),Z) and equals (−1)ic2i of the underlying complex bundle of a quaternionic bun-
dle, while the latter comes from H4i(BO(n),Z) and equals (−1)ic2i of the complexification
of the underlying real bundle of a complex bundle (e.g. underlying a quaternionic one). For
the tautological quaternionic line bundle H → HP1, the symplectic Pontryagin class/second
Chern class is a generator of H4(S4,Z) = Z.
The H4 part of the semimetal Mayer–Vietoris sequence
(4.3) · · · 0→ H4(T ) ι∗−→ H4(T \W ) β−→ H4(S4W ) Σ−→ H5(T )→ 0 . . .
is slightly harder to interpret in terms of characteristic classes of EF : unlike H2(·,Z) and
complex line bundles, it is not generally true that H4(·,Z) classifies all quaternionic line
bundles (equivalently Sp(1) = SU(2)-bundles) over a given space. For example, SU(3) is
a non-trivial SU(2) bundle over S5 but H4(S5,Z) = 0 so c2 doesn’t detect this bundle.
Nevertheless, H4(T5,Z) ∼= Z5 with the generators coming from pulling back H along the
projection h : T5 → T4 → S4 = HP1 for each of the five independent choices of 4-subtori.
Thus all elements ofH4(T5,Z) do arise as the second Chern class of some valence quaternionic
line bundle EF → T5 (weak insulator invariants), and their restrictions to H4(T5 \W ) form
the kernel of the local charge map β in (4.3). The other elements ω ∈ H4(T5 \W ) have some
non-zero local charges under β. From a singular vector field h with those local charges β(ω),
the valence bundle for h · γ has c2(EF ) = ω. Thus for T = T5, the H4(·,Z) groups in (4.3)
can be interpreted as the weak invariants c2 for the valence bundles EF of the Dirac-type
Hamiltonians as constructed above.
Remark 4.6. Quaternionic line bundles are already stable for dim(T ) = 5 [3], so we can
classify the EF by (reduced) quaternionic K-theory KSp. Therefore, the semimetal MV-
sequence in KSp can be interpreted in terms of obstructions to extending a semimetal
valence bundle (over T5 \W ) to an insulator one (over T5).
4.6. T-invariant and chiral symmetric Dirac-semimetal in 4D. When we introduced
T to 4 × 4 Hamiltonians, we found that they had the form H(k) = h(k) · γ for some 5-
component vector h(k). Now introduce a further (unitary) chiral symmetry S, with S2 =
1, ST = TS which a compatible H must anticommute with. Without loss, we can take
S = γ5. Equivalently, this is an additional (antiunitary) C symmetry, with CT = TC and
C2 = −1: take C = (−σ3 ⊗ iσ2) ◦ κ = −T ◦ S. The additional anticommutation requirement
SH = −HS (or CH = −HC) forces H(k) to be a linear combination of only the first four
gamma matrices in (4.2). Furthermore, the traceless condition on H is now automatic.
Thus in 4D, we may identify the (T,C)-compatible (or (T, S)-compatible) 4 × 4 Hamil-
tonians with the tangent bundle of T4, via H(k) = h(k) · γ, where h,γ now have four
components. Similarly, S = C4 is the spinor representation for Cl0,4 ⊗R C ∼= M4(C) which
has a quaternionic structure Θ = T compatible with Cl0,4 = M2(H). The spectrum is again
spec(H(k)) = ±|h(k)|, vanishing at the zeroes W ⊂ T4 of h. The topological invariant for a
four-band crossing at a zero w ∈ W is the degree of the unit vector map hˆ : S3w → S3 ∈ R4.
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Remark 4.7. There is also an analysis based on supercommutants. The requirement of having
symmetry operators T,C is equivalent to having a Z2-graded representation of the Clifford
algebra Cl3,0 — C, iC, iCT are the three anticommuting Clifford generators, acting irreducibly
as odd operators on the superspace C4 = H⊗R1|1. The supercommutant, by the super-Schur
lemma [68], is a real superdivision algebra Cl0,3. More explicitly, we can take
Cl3,0 generators : C = (−σ3 ⊗ iσ2) ◦ κ, iC = (σ3 ⊗ σ2) ◦ κ, iCT = iσ3 ⊗ 1 = iγ5
Cl0,3 generators : γ1, γ2, γ3
Grading operator : γ4
The (C,T)-compatible Hamiltonians are spanned by the above Cl0,3 generators and the
grading operator.
4.6.1. Semimetal gerbe from Hamiltonian. Having identified the T and S-symmetric 4 × 4
Hamiltonians as those which are linear combinations of γ1, . . . , γ4, we now explain how a
gerbe can be associated to such Hamiltonians.
First, it has become usual to associate a gapped chiral symmetric Hamiltonian H with a
unitary in half the number of dimensions as follows. In a basis in which S is
(
1 0
0 −1
)
, a chiral
symmetric Hamiltonian H is off-diagonal as is sgn(H). Thus sgn(H) =
(
0 U †
U 0
)
where U
is unitary since (sgn(H))2 = 1. Note that this association H ↔ U is basis-dependant (under
U(2)× U(2) transformations which respect S), and for families of Hamiltonians k 7→ H(k),
the topological invariants of the map k 7→ U(k), which is defined wherever sgn(H(k)) is
defined (i.e. away from W ), can change under “large” gauge transformations.
We require a further T symmetry such that T commutes with S, so it is of the form(
V 0
0 V ′
)
◦ κ for some 2× 2 unitaries V, V ′. Since T2 = −1, up to a unitary transformation
preserving S, we can take T = Θ =
(
iσ2 0
0 iσ2
)
◦ κ as in (4.1). Having done so, a basis
for the T and S compatible Hamiltonians is γ1, . . . , γ4 given in (4.2). Note that the unitary
transformations which preserve both S and T form a Sp(1) × Sp(1) ∼= Spin(4) subgroup of
U(4), and the matrices γ1, . . . , γ4 can be conjugated by such unitaries.
In the basis where
γ1 =
(
0 −iσ1
iσ1 0
)
, γ2 =
(
0 −iσ2
iσ2 0
)
, γ3 =
(
0 −iσ3
iσ3 0
)
, γ4 =
(
0 1
1 0
)
as in (4.2), the spectrally-flattened Hamiltonian is sgn(H(k)) = hˆ(k) · γ =
(
0 U(k)†
U(k) 0
)
with
(4.4) U(k) =
(
h4 + ih3 h2 + ih1
−h2 + ih1 h4 − ih3
)
, h21 + h
2
2 + h
2
3 + h
2
4 = 1.
We recognise (4.4) as a parametrisation of SU(2). Thus k 7→ U(k) is a map from T \W →
SU(2), from which we can associate a gerbe and analyse the gerbe extension problem to T ,
using the semimetal MV-sequence as in Section 2.5.
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Remark 4.8. Gauge transformations live in Sp(1)× Sp(1) = SU(2)× SU(2), and they effect
U(k) 7→ V1(k)U(k)V †2 (k) for (V1(k), V2(k)) ∈ SU(2)× SU(2).
Remark 4.9. The roles of S and sgn(H) can be exchanged, in the sense that we can write
sgn(H) =
(
1 0
0 −1
)
and S =
(
0 U †
U 0
)
instead. From this point of view, sgn(H) is the dif-
ference of the spectral projections p± = 1±sgn(H)2 onto the positive and negative eigenbundles
S± (over T \W ). Since Sp±S−1 = p∓, U gives an isomorphism between S+ and S−, c.f.
Section IV of [52].
5. New classes of Z2 semimetals
5.1. Bilinear Hamiltonians in 5D. There is another interesting class of 4 × 4 Bloch
Hamiltonians in 5D: those quadratic, or bilinear, in γ. As explained in Section 4.5.1, a
quaternionic structure Θ singles out H0,l in H0 as the Θ-commuting (traceless) Hamiltoni-
ans, and we identifyH0,l with the tangent bundle E of T . Furthermore, the Θ-anticommuting
Hamiltonians form a complementary rank-10 subbundle H0,q to H0,l in H0, also with struc-
ture group SO(5). In terms of the γ-matrices, an orthonormal basis for H0,q is given by iγI
where I = {ij}, 1 ≤ i < j ≤ 5 is a multi-index and e.g. γ12 := γ1γ2 = 12 [γ1, γ2]. We should
think of γI as coming from {eI = ei ∧ ej}I ⊂
∧2 E , just as γi came from an orthonormal
frame {ei}i ⊂ E . In accordance with terminology in the physics literature, elements of H0,q
are said to be particle-hole symmetric, with C = Θ. Thus C-symmetric Hamiltonians are
exactly the “γ-bilinear” ones — they are (i times of) quantizations of
∧2 E , and we will refer
to such Hamiltonians simply as bilinear Hamiltonians.
Hamiltonians parametrised by a pair of vector fields. For example, a pair of vector
fields (a, b) defines an abstract Hamiltonian ic(a∧b) = i
2
[c(a), c(b)] in Cl(E , g)⊗RC. This is
represented on S as the concrete Hamiltonian Ha,b = ic˜(a∧b) = i2 [a ·γ, b ·γ] = i(a∧b)IγI .
Note that a∧b is geometrically just an oriented area element, and is invariant under rotations
in the plane of a, b. Furthermore, a ∧ b = 0 iff a, b are linearly dependent. Following [64],
a pair of vector fields (a, b) over T which are linearly independent everywhere is called a
tangent 2-field ; if (a, b) is defined only on the complement of a finite number of points W ,
it is called a tangent 2-field over T with finite singularities, or a tangent 2-field over T \W .
Remark 5.1. The general element of
∧2R5 is not a simple tensor a ∧ b but a sum of two
such tensors a ∧ b + c ∧ d, which can be taken to be orthogonal to each other — this is a
linear algebraic fact about canonical forms of antisymmetric matrices
A
SO(5)
=

0 λ
−λ 0
0 µ
−µ 0
0
 .
Thus we can more generally consider H = Ha,b+Hc,d for mutually orthogonal pairs of vector
fields (a, b) and (c,d).
5.2. A C-invariant four-band Z2-semimetal in 5D. Interestingly, the spectrum of γ-
bilinear Hamiltonians H = Ha,b + Hc,d can be found in much the same way as the linear
ones, utilising only the Clifford algebra relations.
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Figure 14. Spectrum of γ-quadratic Hamiltonians. If µ = 0, the spectrum
degenerates to the dotted blue lines, which are each 2-fold degenerate.
Proposition 5.2. Let H = Ha,b +Hc,d be a bilinear Hamiltonian as in Remark 5.1, and let
λ = |a ∧ b|, µ = |c ∧ d|. Then spec(H(k)) = ±(λ(k)± µ(k)), and all four signs occur.
Proof. Let λ = |a ∧ b|, µ = |c ∧ d|. At the Clifford algebra level,
c(a ∧ b+ c ∧ d)2 = c(a ∧ b)2 + c(c ∧ d)2 + 2c(a ∧ b ∧ c ∧ d)
= −λ2 − µ2 + 2c(a ∧ b ∧ c ∧ d).(5.1)
Thus, the square of H = ic˜(a∧b+c∧d) is H2 = λ2 +µ2−2c˜(a∧b∧c∧d). If λ or µ is zero,
we are done. Otherwise, a∧b∧c∧d = λµ c˜(e1e2e3e4) = λµ c˜(e5) for some positively-oriented
orthonormal frame {ei}i=1,...,5, where we have suppressed the wedge product notation and
used the chirality condition c˜(e1e2e3e4e5) = 1. Since c˜(e5) has spectrum ±1 with each doubly-
degenerate, it follows that spec(H2) = λ2 + µ2 ± 2λµ = (λ ± µ)2 and spec(H) = ±(λ ± µ),
where we have suppressed the dependence on k ∈ T . 
The zeroes of H are easily read off, and there are two types: (1) when λ(k) = µ(k) = 0,
and (2) when λ(k) = µ(k) 6= 0. The former involves a four-fold degenerate zero, so all four
bands cross, whereas the latter involves crossing between only a pair of bands (Fig. 14).
When µ is zero, the four-band spectrum becomes a pair of doubly-degenerate bands, and
these degenerate pairs cross exactly at the points where λ = 0, much like the spectrum
of the Dirac-type Hamiltonians which are linear in γ. We are interested in such “bilinear
Hamiltonians”, and they are precisely the pure tensor ones Ha,b(k) = i2 [a(k) · γ, b(k) · γ)] =
i
∑
I(a(k)∧ b(k))IγI , specified by a single pair of vector fields (a∧ b), with spec(Ha,b(k)) =
±|a ∧ b|(k) = ±λ(k).
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We will assume that the singularities (points where a ∧ b vanishes) form a finite set
of isolated points W . In other words, (a, b) defines a tangent 2-field over T \ W . At a
singularity w ∈ W , there may be topological obstructions to extending (a, b) across w, in
which case, we cannot open up a gap at the four-band crossing at w by simply deforming λ
into a strictly positive function. Despite the spectrum resembling that of a (linear) Dirac-
type Hamiltonian, this type of four-band crossing can be topologically protected by a very
different and much more subtle mechanism, see Section 5.3.
Remark 5.3. We may also consider bilinear Hamiltonians Ha,b specified by a pair of vector
fields (a, b) over a d-manifold with d 6= 5. However, it is no longer the case that a C-symmetry
singles out such Hamiltonians, and one needs to motivate such model Hamiltonians in a
different way. They may nevertheless be studied as a toy model.
5.3. Atiyah–Thomas Z2-invariant. A detailed study of tangent 2-fields with finite sin-
gularities was carried out in [63, 64, 2, 30], where analogues of the Poincaré–Hopf theorem
for vector fields were obtained. For this, we need the notion of the local index at a singu-
larity w ∈ W of a tangent 2-field (a, b) on T \ W . Let S4w be a small oriented 4-sphere
surrounding w ∈ W , then (a, b) gives a map S4w → W5,2 to the non-compact Stiefel manifold
W5,2 = GL(5,R)/GL(3,R) of 2-frames in R5. There is a homotopy equivalence between
W5,2 and the (compact) Stiefel manifold V5,2 = SO(5)/SO(3) of orthonormal 2-frames in
R5. The local index of (a, b) at w is defined to be the homotopy class of (a, b)|S4w in
pi4(W5,2) ∼= pi4(V5,2) ∼= Z2, and is the local obstruction to deforming (a, b) to remove the
singularity at w.
Recall from the previous subsection the construction of a bilinear Dirac Hamiltonian Ha,b
from a tangent 2-field (a, b) over T with finite singularities W , and that four-band crossings
occur precisely at W . The local index at w of (a, b) has the physical interpretation as a Z2
local topological charge protecting the band crossing w ∈ W .
To understand pi4(V5,2) ∼= Z2 better, recall the fibration
S3 = V4,1 → V5,2 → V5,1 = S4,
where the S4 base parametrises the choice of a first normalised vector aˆ, and the fiber
parametrises (locally) the choice of bˆ orthonormal to aˆ. From the homotopy exact sequence,
. . .→ pi4(S3) = Z2 → pi4(V5,2) = Z2 → pi4(S4) = Z→ pi3(S3) = Z→ . . .
we see that pi4(V5,2) = Z2 comes from the inclusion of the fiber S3 = V4,1 which has the
famous pi4(S3) = pi4(SU(2)) = Z2.
Thus, we can construct an explicit example of a Z2-protected four-band crossing as follows.
Choose some local Euclidean coordinates k for a neighbourhood O of w centred at 0, and
a trivialization e1, . . . , e5 of the tangent bundle above O. Take aˆ = e1, and for k ∈ S4w, we
choose bˆ orthonormal to aˆ by letting k 7→ bˆ(k) ∈ S4 be given by a generator of pi4(V4,1) =
pi4(S
3). Extend to orthogonal vectors a, b to all of O by scaling by |k|. Thus Ha,b(k) =
i|k|∑I(aˆ ∧ bˆ(k))IγI on O \ {w} and Ha,b(w) = 0. Then w is a four-band crossing with
non-trivial Z2-charge.
Remark 5.4. By taking a∧b|a∧b| we obtain a 2-plane field
8 defining for each k ∈ T \W a point
in the oriented Grassmannian G+5,2 of 2-planes in R5. For a 2-plane field over T \W , there
82-plane fields are also called oriented 2-distributions, see [30] for a guide to k-distributions on manifolds.
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is similarly a map S4w → G+5,2, and a local index can be defined at w ∈ W . Note that
G+5,2 = V5,2/SO(2), and at the level of pi4 the exact sequence
. . .→ 0 = pi5(SO(2))→ pi4(V5,2)
∼=−→ pi4(G+5,2)→ 0 = pi4(SO(2))→ . . .
says that the index is in pi4(V5,2) ∼= pi4(G+5,2) ∼= Z2. Although we can consider bilinear
Hamiltonians specified by a field of oriented area elements, i.e. a 2-plane field along with
areas (magnitudes), which will also have Z2 local indices, we only consider those specified
by a tangent 2-field (with finite singularities) in this paper.
For tangent 2-fields in d ≥ 3-dimensions, the local topological index at a point singularity
is defined similarly, as an element of pid−1(Vd,2). These homotopy groups are known to be
Z2 when d is odd and Z ⊕ Z2 when d is even [49]. Unlike the case of vector fields, the
global constraint for these indices depends on d (mod 4) [63, 64, 1, 2] and in the following
subsection, we will restrict to d = 1 (mod 4) .
5.4. Kervaire semicharacteristic, Kervaire chains and Z2-Fermi arcs. For this sec-
tion, we assume that T is a compact oriented d-manifold T with d = 1 (mod 4) and d ≥ 5.
Most of the constructions of Section 3 can be carried out for Z2 coefficients, and there is also
a generalisation of the Poincaré–Hopf theorem for tangent 2-fields and 2-plane fields with
finite singularities [63, 64, 1, 2]. This suggests that Hamiltonians parametrised by a tangent
2-field, such as the 5D Z2-Dirac semimetals introduced in Section 5.2, can have topologi-
cally protected crossings which are furthermore constrained by the global Atiyah–Dupont
condition. If κ(T ) = 0, we expect there to be Z2-charge cancellation and also a notion of
Z2-Fermi arcs.
Let us simplify notation and write P for the tangent 2-field (a, b) over T \W , and Indw(P)
for its local Z2 charge at w ∈ W , which is assumed to be a finite set as before. The sum
Ind(P) = ∑w∈W Indw(P) is a global obstruction to deforming P to a tangent 2-field on all of
T . In [2], Atiyah–Dupont proved that Ind(P) is equal to the real Kervaire semicharacteristic
κ(T ), defined as
κ(T ) =
∑
q even
dimRHq(T,R) mod 2.
Thus Ind(P) = κ(T ) for any P . It is known that the manifold T admits tangent 2-fields
P with finite singularity set W if and only if the Stiefel–Whitney class wd−1(T ) vanishes,
([64]), which holds for instance when T = Td, in which case the Kervaire semicharacteristic
vanishes, κ(Td) = 0.
Remark 5.5. Although we have assumed the bilinear Hamiltonians to be specified by tangent
2-fields, we could also work more generally with 2-fields for other vector bundles using a
generalisation of the Atiyah–Dupont theory in [61].
Definition 5.1. Let T be a compact oriented d-manifold T with d = 1 (mod 4) and κ(T ) = 0.
For a 0-chain W ∈ C0(T,Z2) defined on W and with total weight zero, a Kervaire chain
for W is a 1-chain l ∈ C1(T,Z2) such that ∂l = W , thus [l] ∈ H1(T,W,Z2). We write
Kerv(T,W) for the subset of homology classes of Kervaire chains for W .
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The Z2-versions of the semimetal MV sequence and the dual homology sequence are
0 // Hd−1(T,Z2)
PD

// Hd−1(T \W,Z2)
PD

β // Hd−1(SW ,Z2)
PD

Σ // Hd(T,Z2)
PD

// 0
0 // H1(T,Z2) // H1(T,W,Z2)
∂ // H0(W,Z2)
Σ // H0(T,Z2) // 0
.
As before, we define coKerv(T,W) ⊂ Hd−1(T \ W,Z2) to be the Poincaré dual image of
Kerv(T,W). We will then explain how a tangent 2-field with finite singularity set W has a
topological invariant in coKerv(T,W) and therefore a Kervaire chain representation.
Definition 5.2. Let T be a compact oriented d-manifold T with d = 1 (mod 4) and κ(T ) = 0,
and S be the sphere bundle for its tangent bundle. A Kervaire structure for T is a class
in Hd−1(S,Z2) whose restriction to each fibre Sk, k ∈ T generates Hd−1(Sd−1,Z2). Define
c˜oKerv(T ) to be the set of Kervaire structures for T .
From the Gysin sequence (3.1) with Z2-coefficients, we see that Hd−1(T,Z2) acts on
c˜oKerv(T ) freely and transitively by pullback and addition. Let Vd,2T be the bundle of
Stiefel manifolds Vd,2 associated to the orthonormal frame bundle of T (endowed with some
Riemannian metric). Corresponding to the fibration Sd−2 = Vd−1,1 → Vd,2 → Vd,1 = Sd−1,
there is a fibration
Sd−2 → Vd,2 ρ−→ S.
A (non-singular) tangent 2-field P on T gives rise to a Kervaire structure as follows. Let P̂
denote the section of Vd,2 determined by P , which is a d-cycle on Vd,2. The Poincaré dual is a
(2d−3)-cocycle on Vd,2, and pushforward under ρ gives a (d−1)-cocycle in S. Furthermore,
the construction of the cocycle is such that its restriction to Sk generates Hd−1(Sd−1,Z2) for
each k ∈ T .
Now consider tangent 2-fields on T with finite singularities W . As in Section 3.4, we can
define a local charge operator
β˜ : Hd−1(S|T\W ,Z2)→ Hd−1(SW ,Z2) PD←→ H1(W,Z2).
Then for each 0-chain W with total charge zero, we define c˜oKerv(T,W) to be the subset
of Hd−1(ST\W ,Z2) whose restriction to each fibre over k ∈ T \W generates Hd−1(Sd−1,Z2),
and whose local charges is PD(W). Each c˜oKerv(T,W) is an affine space for Hd−1(T,Z2).
Suppose P is a tangent 2-field on T \W with local charge 0-chain W , then it determines a
d-cycle in Vd,2|T\DW relative to the boundary Vd,2|SW , which Poincaré dualises to a (2d− 3)-
cocycle on Vd,2|T\DW . Pushforward under ρ gives a (d − 1)-cocycle on S|T\DW representing
a class in c˜oKerv(T,W). Fix a reference non-singular vector field href, then h∗ref identifies
c˜oKerv(T,W) with coKerv(T,W).
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The following diagram summarises the various affines spaces for H1(T,Z2) ∼= Hd−1(T,Z2):
H1(T,Z2) //

Kerv(T,W)oo

⊂ H1(T,W,Z2)
Hd−1(T,Z2) //

OO
coKerv(T,W)oo

OO
⊂ Hd−1(T \W,Z2)
Hd−1(S,Z2) ⊃ c˜oKerv(T ) //
OO
c˜oKerv(T,W)oo
OO
⊂ Hd−1(S|T\W ,Z2)
.
Definition 5.3. Let H be a bilinear Hamiltonian specified by a tangent 2-field P over a
compact oriented 5-manifold T with κ(T ) = 0, with finite singularities W . It has a cohomo-
logical topological invariant [ωP ] ∈ H4(T \W,Z2) defined as in the previous paragraph, and
its Kervaire chain representation is the Poincaré dual [lP ] ∈ H1(T,W,Z2).
Z2-Fermi arcs. The bulk-boundary correspondence proceeds exactly as before, taking a Ker-
vaire chain for W to a “Z2-Fermi arc” with topological invariant in H1(T˜ , W˜ ,Z2). Unlike
the usual Z-Fermi arcs, the Z2-Fermi arcs cancel in pairs so that there is at most one arc
between two projected band crossings, and the arc never fully winds around a 1-cycle in T˜ .
Remark 5.6. It is known that T-invariant insulators in 2D and 3D, where T now refers to
ordinary time-reversal rather than the combination TP), are classified by certain Z2-valued
Fu–Kane–Mele (FKM) invariants [20, 15]. In ongoing work, we are applying the ideas
of this paper to understand T-invariant semimetals, which were experimentally realised in
[37, 73, 29]. In this setting, the band crossings appear at conjugate-momentum pairs, and
the points wi, τ(wi) in each pair have the same integer charge. The relation of these local Z
charges to FKM Z2-invariants is a subtle generalisation of the relation to weak Chern numbers
in the T-broken case. We emphasize that the Z2 invariants there are mathematically different
from the ones due to Atiyah–Dupoint–Thomas and the Kervaire semicharacteristic, and arise
under physically different symmetry conditions.
6. Outlook and acknowledgements
The topological semimetal-insulator relationship encoded in the semimetal MV sequence
can, in principle, be refined using an MV sequence in differential cohomology [56]. Another
refinement comes from additional spatial symmetries. For example, a spatial inversion sym-
metry P induces an action on the Brillouin torus T under which W should be invariant.
The same action arises if T rather than TP symmetry is present. The vector field h needs
to be suitably equivariant, and the local index at w ∈ W is an equivariant degree. Finally,
the K-theory MV sequence can be used (with T \W replaced by T \DW ) to analyse stable
topological semimetal invariants. This paves the way for the development of a new type of
T-duality transformation K∗(T \DW )⇔ K∗+d(T,W ), which would provide a T-dual picture
of semimetals along the lines of [38, 39, 40] in the case of insulators.
We end by posing the question: associated to the MV sequence analysis in the case of
Kervaire semimetals (Section 5.4), is there a geometric extension problem?
38
Acknowledgements. We thank Keith Hannabuss for some helpful discussions, and Siye Wu
for his useful criticisms. This work was supported by the Australian Research Council via
ARC Discovery Project grant DP150100008 and ARC DECRA grant DE170100149.
Appendix Appendix A Hopf bundles, basic gerbe, Stiefel manifold
To be self-contained, we recall here some universal constructions of geometric objects with
connections that are used in the main text.
The Hopf line bundle over CP1. (Sections 2 and 2.5) Recall that the 2D-sphere CP1 is
defined as the space of complex lines in C2. The Hopf line bundle L over CP1 is defined as
the sub-bundle of the trivial bundle CP1 × C2 given by
L = {(`, v) ∈ CP1 × C2∣∣v ∈ `}.
As a sub-bundle of the trivial bundle CP1×C2 (which has the obvious Hermitian metric and
unitary connection) L comes equipped with a Hermitian metric and unitary connection ∇L.
Explicitly, a natural projection defining L is given by P (n) = 1
2
(1 + n · σ), where n ∈ S2 is
the unit vector in R3 and σ = (σ1, σ2, σ3) are the Pauli matrices, σj ∈M2(C) for j = 1, 2, 3.
Then ∇L = PdP and the curvature is FL = PdPdP.
The 1st Chern class classifying L up to isomorphism is,
c1(L) = 1
2pii
∫
CP1
FL = 1.
The basic gerbe over S3. (Sections 4.6.1 and 2.5) We begin by briefly recalling the
definition of bundle gerbes (cf. [46]), which are geometric examples of more abstract gerbes
(cf. [11]). They are higher analogs of line bundles, and are classified up to (stable) equivalence
by the Dixmier–Douady class in integer-valued degeree 3 cohomology (which is the analog of
the Chern class for line bundles). Bundle gerbes (G,L) are specified by the following data:
• A smooth fiber bundle of manifolds
Z // Y
pi

X.
where Z, Y are not required to be finite dimensional.
• A primitive line bundle L over Y [2] = Y ×X Y , in the sense that under lifting by the
three projection maps pij : Y [3] → Y [2], which omits the j-th factor,
Y [3]
pi1 //
pi2 //
pi3 //
Y [2]
there is an isomorphism of line bundles on Y [3]
(A.0) pi∗3L ⊗ pi∗1L ∼= pi∗2L.
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• The equation above can be viewed as a product, and this product is required to be
associative, which is a compatibility condition on Y [4],
L(y1,y2) ⊗ L(y2,y3) ⊗ L(y3,y4) //
σ

L(y1,y3) ⊗ L(y3,y4)
σ

L(y1,y2) ⊗ L(y2,y4) // L(y1,y4),
for all (y1, y2, y3, y4) ∈ Y [4].
A connection on such a bundle gerbe is a unitary connection on the line bundle L with
curvature equal to pi∗2(B)− pi∗1(B), for some 2-form B on Y . Necessarily, dB = pi∗H, where
H is a closed 3-form on X called the curvature of the gerbe (G,L), and is a de Rham
representative of the Dixmier–Douady class.
Next we describe the basic (bundle) gerbe on SU(2), used in the main text. We identify
S3 ∼= SU(2) and consider Y ⊂ U(1)× SU(2) defined by
Y = {(z, g) ∈ U(1)× SU(2)∣∣z 6= 1, z /∈ spec(g)}
Then the projection to the 2nd factor is a submersion pr2 : Y −→ SU(2) and the fibred
product
Y [2] = {(z1, z2, g) ∈ U(1)2 × SU(2)
∣∣z1, z2 6= 1, z1, z2 /∈ spec(g)}.
For (λ, g) ∈ U(1)× SU(2), λ 6= 1, let E(λ,g) denote the λ eigenspace of g and
E(z1,z2,g) =
⊕
E(λ,g)
where λ is an eigenvalue lying in the open arc component in U(1) joining z1, z2 that does not
contain 1. Let L(z1,z2,g) = det(E(z1,z2,g)) denote the determinant line, which is the highest
exterior power. Then G = (L, Y ) is a bundle gerbe description of the basic gerbe over
S3 ∼= SU(2), see [46], [14]. It comes with gerbe connection (Theorem 5.1 [45]), with 2-form
B on Y defined as,
(A.0) B(z,g) =
1
8pi2
∮
C(z,g)
logz ξ tr
(
(ξ − g)−1dg(ξ − g)−2dg) dξ.
Here for any (z, g) ∈ Y , C(z,g) ⊂ C \ Rz is a choice of anti-clockwise closed contour which
encloses spec(g), where for each complex number z with |z| = 1, Rz denotes the closed ray
from the origin through z, and one defines the branch of the logarithm, logz : C \ Rz → C,
by making the cut along Rz and also setting logz(1) = 0.
Then the curvature H of the gerbe (G,L) is a universal multiple of the Wess–Zumino–
Witten (WZW) integrand tr((g−1dg)3) on SU(2), whose Dixmier–Douady number classifying
the gerbe up to (stable) equivalence is,
DD(G) = − 1
24pi2
∫
SU(2)
tr((g−1dg)3) = 1.
The quaternionic Hopf line bundle over HP1. (Sections 4.5 and 2.5) Recall that the
4D-sphere HP1 is defined as the space of quaternionic lines in H2 and that the quaternionic
Hopf line bundle H over HP1 is defined as the sub-bundle of the trivial bundle HP1 × H2
given by
H = {(`, v) ∈ HP1 ×H2∣∣v ∈ `}.
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As a sub-bundle of the trivial bundle HP1×H2 (which has the obvious Hermitian metric and
unitary connection) H comes equipped with a Hermitian metric and unitary connection ∇H.
Explicitly, a natural projection defining H is given by P (n) = 1
2
(1 + n · γ), where n ∈ S4 is
the unit vector in R5 and γ = (γ1, γ2, γ3, γ4, γ5) are gamma matrices, with γj ∈M2(H) ∼= Cl0,4
for j = 1, 2, 3, 4 generating the Clifford algebra and γ5 = γ1γ2γ3γ4. Then ∇H = PdP and
the curvature is FH = PdPdP.
The 2nd Chern number classifying H up to isomorphism is,
c2(H) = 1
4pi2
∫
HP1
tr(FH ∧ FH) = 1.
The Stiefel manifold V5,2. (Section 5) It can be defined as the space of all orthonormal
2-frames in R5. As a homogeneous space, V5,2 = SO(5)/SO(3), where we notice that it is a
compact, connected, oriented 7-dimensional manifold, which can be identified with the unit
sphere S(S4) subbundle of the tangent bundle of the sphere S4. So V5,2 is a non-principal
SO(4)/SO(3) = S3-bundle over S4 with Euler class equal to 2. The Pontryagin number
of the bundle S3 ↪→ V5,2  S4 is just the Pontryagin number of S4, which is zero since
the sphere S4 is the oriented boundary of the 5 dimensional ball. By [42], the Euler and
Pontryagin numbers together determine the bundle up to isomorphism. Via the long exact
sequence for the fibration S3 ↪→ V5,2  S4, we see that there is a natural isomorphism, (this
is related to [34])
pi4(V5,2) ∼= pi4(S3) ∼= Z2.
The generator of pi4(S3) determines the non-trivial S3-bundle over S5 via the clutching
construction,
SU(2) ↪→ SU(3)  S5.
By the Pontryagin–Thom construction, pi4(S3) ∼= Z2 comes from pi1(SO(3)) and so relates to
the t’ Hooft–Polyakov SO(3) monopole [60, 50].
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